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Do not go gentle into that good night,
Old age should burn and rave at close of day;

Rage, rage against the dying of the light.

Though wise men at their end know dark is right,
Because their words had forked no lightning they
Do not go gentle into that good night. ..

Rage, rage against the dying of the light.

— D. Thomas
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Abstract

Black holes provide a unique setting where the fundamental forces of nature intersect,
offering a natural laboratory for novel physical phenomena and posing significant challenges
to our understanding of quantum gravity.

This thesis investigates the thermodynamic and microscopic structure of black holes and
their horizonless counterparts, Extremely Compact Objects (ECOs). We demonstrate that
any ECO—defined as an object with radius sgco just outside the Schwarzschild radius of a
black hole with mass M in d+1 dimensions, such that spco < (M /m,)%4=2@+D] —exhibits
thermodynamic behavior identical to black holes, despite lacking an event horizon. This
result, derived using the back-reaction formalism via the Tolman-Oppenheimer-Volkoff
(TOV) equation, establishes the universality of black hole thermodynamics independent
of horizon formation or string-theoretic assumptions such as supersymmetry or extra
dimensions.

In parallel, we investigate black hole microstates in the context of the 2D D1D5
conformal field theory (CFT). We present the conformal perturbation theoretic techniques
developed to compute the lifting of superconformal primaries, their descendants and other
states in the 2D CFT as the theory is deformed away from the orbifold point. We find
a universal scaling law, lift ~ v/h, where h is the conformal dimension and these results
provide strong evidence for a universal structure in the second-order behavior of operator
lifting, offering insight into how black hole microstates encode entropy in the dual CFT.
Together, these lines of research contribute to a deeper understanding of horizonless black
hole models, quantum gravity, and the microscopic origins of black hole thermodynamics.

The thesis concludes by addressing open questions across string theory, quantum gravity,
and observational astrophysics, particularly concerning the implications of horizonless

microstructure for gravitational wave signals and near-horizon structure in ECOs.
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Chapter 1

Introduction

Of all the conceptions of the human mind from uni-
corns to gargoyles to the hydrogen bomb perhaps the
most fantastic is the black hole: a hole in space with a
definite edge over which anything can fall and nothing
can escape; a hole with a gravitational field so strong
that even light is caught and held in its grip; a hole

that curves space and warps time.

— Kip Thorne

A Brief History

Black holes represent the frontier of our understanding of gravity and quantum mechanics,
lying at the intersection where both theories must be invoked. In classical general relativity,
black holes arise as solutions to Einstein’s equations describing regions of spacetime with
an event horizon—a boundary beyond which signals cannot escape. Formed through the
gravitational collapse of massive stars, these objects are characterized solely by their mass,
charge, and angular momentum, as dictated by the no-hair theorem.

Traditionally, black holes were believed to be purely absorptive: any matter or radiation
that crossed the horizon would be lost forever. However, this view was radically altered by
Hawking’s discovery [1] that black holes emit thermal radiation—now known as Hawking
radiation—due to quantum effects near the horizon. This radiation lacks any imprint of
the initial state that formed the black hole, leading to the celebrated black hole information
paradox: if black holes evaporate completely, the information about their initial state
appears lost, violating unitarity—a foundational principle of quantum mechanics.

Further deepening the puzzle, Bekenstein had earlier proposed that black holes possess

entropy proportional to the area of their event horizon [2]. This relation, later supported



by Hawking’s calculation, takes the form:

Ahor
4G N’

SBek = (1.1)
where Ay, is the horizon area and Gy is Newton’s constant. Entropy, as understood in
statistical mechanics, counts the number of microstates consistent with a given macroscopic
configuration. Yet black holes, in the classical picture, lack any internal degrees of freedom,
making this entropy enigmatic.

Attempts to resolve the paradox using semiclassical physics have been shown insufficient.
The no-hair theorem and the small-corrections theorem indicate that perturbative or small
corrections to Hawking’s calculation cannot restore unitarity or encode information in the
radiation. A dramatic departure from the conventional picture appears necessary.

These issues raise foundational questions:

How can black holes radiate in a unitary manner while maintaining thermody-
namic consistency? Where do the microstates responsible for entropy reside,

and how can they be described in a complete theory of quantum gravity?

These challenges have positioned black holes as powerful probes into the nature of
spacetime, thermodynamics, and quantum information, and have catalyzed much of the

modern development in quantum gravity.

Toward a Resolution

One of the most promising candidates for a complete theory of quantum gravity is
string theory. General relativity, while successful at macroscopic scales, is plagued by
ultraviolet divergences that render it non-renormalizable at high energies. String theory
naturally resolves these issues: the extended nature of fundamental strings introduces
an intrinsic ultraviolet cutoff at the string length scale [, smoothing out short-distance
singularities. Moreover, in the low-energy limit—at length scales much larger than /,—the
Einstein-Hilbert action emerges as an effective description, thereby recovering general
relativity.

Remarkably, certain classes of black holes in string theory allow for precise microstate
counting. These computations [3] provide a statistical explanation for the Bekenstein-
Hawking entropy and offer deep insights into the microscopic origin of black hole thermody-
namics. In particular, the fuzzball paradigm [4,5] offers a compelling resolution to the black
hole information paradox. According to this proposal, black hole microstates are described
by horizonless, smooth geometries composed of strings and branes—fuzzballs—which are
indistinguishable from classical black holes at large distances. This framework challenges

the conventional notion of an event horizon and suggests that the quantum structure of



‘Naive geometry’ ‘Actual Solution’
(Fuzzball)

Figure 1.1: (a) If a string could carry momentum as a longitudinal wave, then it would
generate a spherically symmetric geometry. (b) This ‘naive’ geometry would have a
singular horizon at leading order, but o’ corrections turn this singularity into a regular
horizon. (c¢) The actual string of string theory has only transverse vibrations, which break
spherical symmetry and cause the string to spread out over these transverse directions.
(d) The resulting geometry is a ‘fuzzball’” with no horizon.

black holes is far richer than the classical picture implies. Some of the salient features of

this paradigm are

1. Absence of a horizon: Analysis of the 2 charge construction as seen in section 4.3
that none of the microstates (4.14) have a horizon. There are regions in the solution
where the redshift goes to infinity, but there is no closed trapped surface, and light
rays can escape to infinity from any point in these geometries. In [6-9], simple
examples of extremal solutions were constructed with NS1, NS5 and P charges; i.e.
these solutions carried the charges of the Strominger-Vafa black hole. In each case,

the solution was a fuzzball; i.e, there was no horizon.

2. Lack of spherical symmetry: The 2 charge fuzzball solutions are not spherically
symmetric. If we impose spherical symmetry on the low energy gravity solution,
then we get the naive metric as shown in Figure 1.1 below. We will return to a more
detailed explanation of the figure in section 4.3. This naive metric is not realized in
string theory, because it is not possible to add a momentum carrying wave to the
string without breaking spherical symmetry. This in turn follows from the fact that
the fundamental string has no longitudinal vibration mode; it only allows transverse
vibrations, and the polarization of this vibration at any point along the string must

break the spherical symmetry in the angular S? directions or the symmetry in the
T



3. The microscopic count of black hole entropy Given that there is no horizon,
one might wonder what happens to the Bekenstein entropy relation (1.1). The
microstates have the structure of flat space at infinity, then a neck which leads to a
throat, and this throat ends in a cap. The geometries are almost identical everywhere
except in the cap; thus this cap contains the detailed information of the choice of
microstate. The Bekenstein entropy relation for fuzzballs tells us the number of
orthogonal gravity solutions that we can fit in a given cap region. The area of the

surface that encloses this region satisfies the relation

A
5 ~ \/m ~ Smicro . (12)

The computations of S,,;e like in the works of [3] were performed at weak coupling
using the dual CFT description, while the fuzzball solutions are constructed at strong
coupling. In [10], the moduli space of regular D1-D5 microstates was quantized,
directly from Type IIB SUGRA i.e., the solutions obtained at strong coupling, was
quantized and still shown to yield the entropy Spicro-

4. Non-extremal fuzzballs and Hawking radiation: Extremal holes do not radiate.
Thus while extremal fuzzballs tell us something about the structure of black holes,
we should construct non-extremal microstates to understand radiation from the hole

and the resolution of the information paradox.

In [11] a family of non-extremal D1D5P microstates were constructed. These
solutions were again found to be fuzzballs; i.e., they had no horizon. They did
have an ergoregion, and the emission from this ergoregion was computed in [12].
In [13-15] it was found that this emission spectrum was exactly the spectrum of

Hawking radiation that was expected from these very non-generic microstates.

Questions Still Remain

Despite these promising advances, several fundamental questions in black hole physics
remain unresolved. Most notably, while fuzzball constructions have demonstrated the
existence of horizonless microstates for certain supersymmetric and extremal black holes,
it remains unclear whether a complete basis of such solutions exists that fully accounts
for black hole entropy in the non-extremal and astrophysical regime. Furthermore,
the mechanism by which semiclassical thermodynamics—particularly the universality
of the Bekenstein-Hawking entropy and Hawking radiation—emerges from a statistical
ensemble of horizonless microstates is still under active investigation. From a dual CFT
perspective, the lifting of BPS states as one moves away from the orbifold point in

moduli space introduces additional complexity in identifying the full microstate spectrum.



These open questions motivate the exploration of generic, non-supersymmetric black hole
analogues—such as Extremely Compact Objects (ECOs)—and call for new tools to study
horizon-scale structure, information recovery, and quantum gravity signatures in a broader

class of systems.

Some Contributions

In this thesis, we investigate how black hole thermodynamics can be understood without
invoking classical event horizons. In a series of works with S. D. Mathur [16, 17], we
demonstrated that any Ezxtremely Compact Object (ECO)—an entity with a radius a small
distance outside the Schwarzschild radius—exhibits the same thermodynamic properties
as classical black holes. Using a semiclassical back-reaction analysis based on the Tolman-
Oppenheimer-Volkoff (TOV) equation, we showed that quantum vacuum polarization
forces any such object to have the same thermodynamics as a black hole of the same mass.
These results provide compelling evidence for the universality of black hole thermodynamics
even in the absence of horizons. Notably, this analysis does not rely on string-theoretic
features such as supersymmetry or extra dimensions, thereby offering a model-independent
testbed for quantum gravitational effects in semiclassical astrophysical systems. We
present the details in Chapter 6.

In parallel, we have studied the microscopic structure of a special class of black holes
called the D1D5 black holes within the framework of string theory and the AdS/CFT
correspondence. Specifically, in the D1-D5 conformal field theory, we have explored the
phenomenon of BPS state lifting away from the free orbifold point. In our works [18-20]
on universal lifting, we discovered that the lifting of the class of superconformal primary
states depends solely on their conformal dimension h, with the lifting following a universal
scaling: lift ~ v/h. Subsequent investigations expanded this analysis to include two-mode
states and descendants of superconformal primaries within a two-parameter deformation
space. These results reinforce the conjecture that the second-order expectation value of
operator lifts scales universally as ~ v/h in the large A limit. This scaling behavior has
deep implications for understanding which states remain BPS and how the semiclassical
geometry emerges from the dual CFT, thereby shedding light on the microscopic origins
of black hole entropy. We present this direction in Chapter 5

Together, these investigations bridge the macroscopic thermodynamic properties of
black holes and ECOs with the microscopic structure described by quantum field theory
and string theory, advancing our understanding of black hole microphysics and the

information paradox.

1Tt should be noted that only static ECOs have been constructed here and work on charged and/or
rotating ECOs is still in progress.



Plan of the Thesis

This thesis is organized as follows. In Chapter 2, we review the classical theory of black
holes within general relativity, including key solutions such as Schwarzschild, Reissner-
Nordstrom, and Kerr black holes. We also introduce anti-de Sitter spacetimes and
important theorems such as the no-hair theorem and Birkhoft’s theorem. Chapter 3 covers
black hole thermodynamics, beginning with quantum field theory in curved spacetime
and progressing to Hawking radiation, the four laws of black hole thermodynamics, and
the black hole information paradox. Chapter 4 presents the string-theoretic perspective,
focusing on the D1-D5 system and the fuzzball paradigm as a candidate resolution to
the information paradox. In Chapter 5, we examine the lifting of states in the D1-D5-
P conformal field theory, providing a detailed computation of anomalous dimensions,
including for superconformal primaries, descendants, and two-mode states. Chapter 6
introduces the concept of Extremely Compact Objects (ECOs) and demonstrates their
thermodynamic equivalence with black holes using semiclassical back-reaction analysis.
Finally, the thesis ends with Chapter 7 discussing possible future directions and providing

a general discussion.



Chapter 2

Black Holes in General Relativity

Black holes are macroscopic objects with masses vary-
ing from a few solar masses to millions of solar masses.
To the extent they may be considered as stationary and
isolated, to that extent, they are all, every single one
of them, described exactly by the Kerr solution. This
is the only instance we have of an exact description of
a macroscopic object. Macroscopic objects, as we see
them all around us, are governed by a variety of forces,
derived from a variety of approrimations to a variety
of physical theories. In contrast, the only elements in
the construction of black holes are our basic concepts
of space and time. They are, thus, almost by definition,
the most perfect macroscopic objects there are in the
universe. And since the general theory of relativity
provides a unique two-parameter family of solutions
for their description, they are the simplest objects as

well.

— Subrahmanyan Chandrasekhar

General relativity extends the principles of special relativity to include gravity, marking
a profound departure from Newtonian gravitation. This theoretical leap introduced the
radical notions of black holes and spacetime singularities, fundamentally reshaping our
understanding of the gravitational interaction.

In this chapter, we provide a concise review of classical black hole solutions and the
geometric structures they exhibit. Our goal is to equip the reader with essential tools
and concepts that serve as a foundation for the thermodynamic properties of black holes,
which will be the focus of the next chapter. In this context, we also present the laws of

black hole mechanics and their eventual formulation into thermodynamic laws.



2.1 Preliminaries

2.1.1 Postulates of General Relativity

Einstein was guided by a set of profound physical principles in formulating general
relativity. We list below the set of principles that, in my view, not only guided him but

also deepen our appreciation of the theory’s conceptual foundation.

P1. Mach’s Principle:
The local inertial properties of a system are influenced by the global distribution
of matter in the universe. Inertia arises from interactions with the mass-energy

content of the cosmos, emphasizing the relational nature of motion.

P2. Principle of Equivalence:
No local experiment can distinguish between uniform acceleration and a uniform
gravitational field. A freely falling observer in a gravitational field experiences

physics identical to that in inertial motion in absence of gravitation.

This realization is what Einstein famously described as “the happiest thought

of my life.”

P3. Principle of General Covariance:
The laws of physics must take the same mathematical form in all coordinate
systems. No coordinate system is physically privileged, and all laws must be

expressed in generally covariant form.

2.1.2 Einstein’s field equations

Building on these principles, one is naturally led to the Einstein field equations of general

relativity,” which relate spacetime curvature to the distribution of matter and energy:
G,uu + Ag,u,y = 87TGNT/W ) (21)

where G, is the Einstein tensor, g,,, is the metric tensor, 7}, is the stress-energy tensor, A
is the cosmological constant and G is the Newton’s gravitational constant. The Einstein
tensor G, is defined as

1

ij = RMV - ig‘“’R’ (22)

1For a detailed analysis see [21]
2For standard references on general relativity, see [22-26].



where R, is the Ricci curvature tensor, and R is the Ricci scalar curvature. The Ricci

curvature tensor R, is the contracted Riemann tensor R, defined as
R%,, =0, =0, + 1 1, =T 1,

(059, + Dug5 — 0:195,) - (2:3)

o _ 97
o ="
in terms of Christoffel symbols I'*;, and the Christoffel symbols I'*4,, are given in terms

of the metric tensor g.,,.

2.2 Schwarzschild Black Hole

One of the simplest solutions® to Einstein’s equations is the vacuum solution of the
Schwarzschild metric [27]. The solution is characterized by parameter M, which is the
total energy in the spacetime as seen by an observer at infinity. The line element of the

solution has the form

ds* — — (1 _ 2i”> dt + (1 _ 21\4>—1 dr? + 17 (d6° + sin 6dg?) (2.4)
One can model such a black hole using the Oppenheimer—Snyder model of gravitational
collapse’ [29], where a spherically symmetric dust cloud collapses under its own gravity to
form a Schwarzschild black hole. This idealized scenario provides valuable insights into
the formation of horizons and singularities in general relativity.

It is easy to see that the Ricci scalar R = 0 for the solution above as expected from a
vacuum solution. The Schwarzschild black hole has a real spacelike singularity at » = 0 as

seen by calculating the Kretschmann scalar:

48 M*

76

R = R,y R = : (2.5)
which blows up at only r = 0.

Clearly, the surface r = 2M is not pathological and thus the solution only has a
coordinate singularity at r = 20 . The Schwarzschild coordinates (¢,7) do not cover the
whole spacetime because of this coordinate singularity and it is unclear if we can trust
the spacetime for r < 2M. We can circumvent the need to find another patch for r < 2M

by finding a “good” coordinate system that is smooth everywhere in the following way:

3Unless explicitly stated otherwise, we will set the cosmological constant A = 0 throughout this work.
4See [28] for a good review on the Oppenheimer-Snyder model of gravitational collapse.



2.2.1 Tortoise Coordinate

We start by defining the Regge-Wheeler coordinate [30] or more commonly known as the

tortoise coordinate r* by

2M\
dr*? = <1 - r> dr?, (2.6)
which gives
= +2M1n(r—1> (2.7)
rt=r i : :

defined for —oco < r* < 00. So, we have practically shifted the horizon ¢"" =0 — r =
2M to r* = —oo. In this new coordinate system we see that the line element takes a form

which is well suited to describe the path of light rays traveling in the radial direction

dr*
dt

ds* =0 = =41 = t+r" = const. (2.8)

2.2.2 Eddington-Finkelstein Coordinates

If one defines the radial null geodesics by coordinates v, u, we get the Eddington-Finkelstein

coordinate system [31,32].

Ingoing EF coordinates
We define the ingoing coordinate by v =t + r*. The ingoing coordinates are (v, ), then

we find the line element takes the form

2M
ds? = — (1 — ) dv® + 2dvdr + r? (d92 + sin 0d¢2) : (2.9)

r

This coordinate system is regular across the future event horizon at r = 2M and is adapted
to infalling observers. It covers the black hole exterior and interior up to the singularity,

smoothly crossing the future horizon.
Outgoing EF coordinates
Similarly we define the outgoing coordinate by u =t — r* and in the outgoing coordinates

(u,r), we find the line element takes the form

2M
ds? = — (1 _ ) du? — 2dudr + 12 (d62 + sin 9d¢2) . (2.10)

r

This form is regular across the past event horizon and is adapted to outgoing null geodesics.

It describes white hole regions—time-reverses of black holes—and again covers both the

10



interior and exterior, but now across the past horizon.

These two coordinate systems reflect two different extensions of Schwarzschild space-
time. The ingoing EF chart naturally includes the future horizon and black hole interior,
while the outgoing EF chart encompasses the past horizon and white hole interior. Each
provides a partial extension of the original Schwarzschild patch.

But this naturally raises the question: can we do better? Is there a way to extend
the spacetime maximally, including both horizons and both interiors in a single, unified
coordinate system? The answer is yes—and it leads us to the Kruskal-Szekeres coordinates,

which describe the maximal analytic extension of the Schwarzschild solution®.

2.2.3 Kruskal-Szekeres Coordinates

While EF coordinates extend the Schwarzschild metric across either the future or past
horizon, they remain singular at one side of the horizon. Kruskal-Szekeres coordinates
[33,34] offer a maximal analytic extension, covering both regions smoothly.

Starting with the EF outgoing and ingoing coordinates (u,v), we find

oM
ds* = = (1= =) dudv + r* (d6* + sin 667 (2.11)
r

To remove the metric degeneracy at r = 2M, we can introduce the coordinates

CE

U=—eamr, V =ein (2.12)

with which the line element becomes

32 M3
r

ds® =

e 2 dUdV + 1 (df? + sin 0de?) . (2.13)
The radial and time coordinates are then defined as

UV:—<£\4—1> o7 | gz—e—ﬂw (2.14)
This form of the metric is manifestly regular at the Schwarzschild horizon r = 2M,
removing the coordinate singularity present in Schwarzschild and EF coordinates. The
only true singularity occurs at r = 0, as evidenced by the divergence of the Kretschmann
scalar. We depict the Penrose diagram for the Kruskal extension of the Schwarzschild
black hole in Figure 2.1.

5Simply writing the metric in u,v coordinates does not help as can be readily checked!

11



r=20

Figure 2.1: The figure represents the Penrose diagram of the Schwarzschild black hole in
Kruskal-Szekeres coordinates. Various important locations have been marked.

2.2.4 Near-Horizon Limit: Rindler space

Another useful patch of spacetime is the near horizon region of the Schwarzschild metric.
In the near horizon limit r & 2M, the angular part of the Schwarzschild metric separates
as S? of radius 2M and the remaining metric takes a very interesting and important form,

as we shall see in the later Section 3.2.2, known as the Rindler space
ds3 = —p*dn® + dp? (2.15)

where s, is the two dimensional interval and, (p,n) are Rindler coordinates with p =
8M(r —2M) and 1 = 447. Note that the Rindler metric is just the (1,1) Minkowski

metric if one redefines the coordinates as
X =pcoshn, T =psinhn, (2.16)
after which the metric becomes
ds* = —dT? + dX*. (2.17)

These are the same coordinates as seen by an observer experiencing a constant acceleration

of a = ﬁ which is nothing but the surface gravity « of the Schwarzschild black hole

at r = 2M (see Appendix A.1). We present the different coordinate systems used in

Schwarzschild as a table below 2.2.4 for reference.

12



Coordinates | Variables Region Singularity Useful For
Covered at r=2M7

Schwarzschild | (¢,7) r>2M Yes Static
(coordinate) observers

Tortoise (t,r") r>2M Yes Wave

(Regge- (r* — —o0) equations

Wheeler)

Eddington- (v,7) r>0 No Infalling light

Finkelstein

(Ingoing)

Eddington- (u,r) r>0 No Outgoing light

Finkelstein

(Outgoing)

Kruskal- (U,V) Full extended | No Penrose

Szekeres spacetime diagrams/local

inertial frame
Rindler (n,p) Near r = 2M Approx. Near-horizon
(near-horizon) regular physics

Table 2.1: Comparison of various coordinate systems used in Schwarzschild spacetime.

Next, we quickly review the other black hole solutions of general relativity and mention

their salient features.

2.3 Reissner-Nordstrom Black Hole

One could construct another simple black hole solution of general relativity by adding a
U(1) charge @. These charged black holes arise as a solution to Einstein-Maxwell theory,

with action

R 1
— [ day =g (- — S ) 2.1
5= [ ds g<167rG gt ) (2:18)
solution to which is the Reissner-Nordstrom metric [35, 36]
oM Q? oM Q*\™
ds? = — 1 - —"—+ & dt? + (1 - — + & dr® +r? (d62 +sined¢2) . (2.19)
r 2 r 72

where @ = /Q? 4+ @2, and it reduces to the Schwarzschild metric for ) = 0. Setting
g"" = 0 and restricting our focus to M > @), we readily find that the RN solution has two

horizons

Ti:M:i:\/M2—Q2,

13
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with surface gravity(Appendix A.1)

Ky = —— T 2.21

= 2r3 7 (2.21)

at the two horizons. The region r > r, is similar to the Schwarzschild » > 2M and all
our coordinates work from section 2.2 outside the outer horizon r,. r = r_ is a Cauchy
horizon and the singularity at » = 0 is a timelike singularity unlike its Schwarzschild

cousin.

2.3.1 Extremal black holes

We now turn to the interesting extremal case, M = (). These black holes are called

extremal black holes with the metric

M\? M\ ?
ds? = — (1 - T) di? + <1 - 7«) dr? 02 (A% +singdg?) . (2.22)
The horizon is now located at » = M and the surface gravity at this location is k = 0.
We can employ similar techniques as in section 2.2 to find “good” coordinate patches
and construct the global causal structure using Kruskal-like coordinates. Two important
features of the extremal black holes are the spacelike distance from the horizon and the

near horizon geometry. We look at both in turn.

Spacelike distance from the horizon

Let us compute the spacelike distance s from the horizon of a point radially placed at R.
We find

R dr
s= | 77— =00. (2.23)
/M (-4

For comparison, we perform a similar computation for the Schwarzschild black hole and
find

R dr
s = ——— = finite. 2.24
/2M /1 — 2M / ( )
So, the horizon of an extremal black hole lies at infinite spatial distance in contrast to

the Schwarzschild black hole. The integral measures the proper radial distance along a

t = const. hypersurface. This is a key geometric signature of extremality.
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flat Spyr
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r=r4

infinite throat

Figure 2.2: The figure represents an extremal black hole depicting its salient features.

Near-horizon geometry

Let us now zoom in near the horizon by defining p = r — M. In the limit p < M. We

find that near p ~ 0, one can write the metric as

P dp?
ds? = —Trdt? + 13 =5 + 0% (6% + sin 0dg?) | (2.25)
T+ P

which can be readily identified as the AdS; x S? geometry, also known as the Robinson-
Bertotti metric. A schematic description of the extremal infinite throat can be found in
Figure 2.2. With these two features, the extremal black hole develops a semi-infinite throat
structure. Note the striking difference between the near-horizon geometry of Schwarzschild
(Section 2.2.4) and extremal Reissner-Nordstrom black holes.

This near-horizon geometry isn’t just geometrically interesting—it plays a central role
in quantum gravity as we will see in later sections. The AdS; factor gives rise to an
emergent conformal symmetry and controls the low-energy dynamics. Extremal black
holes are especially important in string theory and quantum gravity due to their zero
temperature, infinite throat, and in many cases, supersymmetric structure.

The appearance of a semi-infinite throat indicates that low-energy modes get trapped
near the horizon, experiencing extreme redshift. This decoupling mechanism lies at the
heart of many extremal black hole microstate constructions (see Sections 4) and underpins

their importance in holography.
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2.4 Kerr Black Hole

We now turn to the Kerr metric [37], which is a solution to Einstein’s equations describing

an uncharged rotating black hole.” The solution written in Boyer-Lindquist coordinates
(t,r,0,0) is

gt — (A —a? sin26> e 4aMrsin?6

S dtde

N ((r2 +a?)? — Aa*sin? 0

>
S ) sin? 0d¢® + ~dr? + Xd6*, (2.26)

A

where
A=r?>—2Mr+a*, Y =r*+a’cos’f. (2.27)

This solution breaks spherical symmetry and is only axially symmetric. The parameter
M is the mass of the black hole as seen from the g,, component as r — oo:
) A —a?%sin?6 2M
rlg{.lo 9 = rll}rgo — —1-— - (2.28)
Moreover, the off-diagonal term g,, gives meaning to the parameter a as the angular
momentum per unit mass:
4aMr sin? 0 sin? @

lim g, = lim —————— — —4aM . (2.29)

r—00 r—00 3 r

The curvature invariant or the Kretschmann scalar:

48M?(r? — a® cos? 0) (X% — 16r2a® cos? 0)

R = RadeRade — 26 Y

(2.30)
which diverges only at

r=0, 0= (2.31)

T
2
meaning that it is actually a curvature singularity. Setting g™ = 0, one finds the location

of the event horizon as
ry =M+ VM?—a?, (2.32)

which indicates coordinate singularity as seen from (2.30).

6For a brief review of the Kerr metric, see [38]. One may also add a U(1) charge to the rotating black
hole, resulting in the Kerr—Newman solution which we do not present here.
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2.4.1 Ergosphere for the Kerr metric

An interesting feature of the Kerr black hole is the region where any observer is nec-
essarily rotationally dragged along with the rotating black hole. This region is called

the ergoregion or the ergosphere. Outside the event horizon r, in the region r, <r <

M ++/M? — a2 cos? § one find that all timelike curves have a minimum rotational velocity

given by

asind — vA <@

, 2.33
(12 4 a2)sinf —v/Aasin?0 ~ dt (2:33)

for any particle or light ray at a fixed r and 6.

2.4.2 Penrose process: Spinning black holes can radiate

In [39], Penrose pointed out an interesting property of spinning black holes: an energy
extraction process. We briefly review this process to emphasize that Hawking radiation is
not the sole mechanism by which black holes can emit energy.

Consider a particle @ with four momenta p#, in the ergosphere with Killing vector &*

following a geodesic trajectory with energy F
Ea = _papf'u . (234)

If particle a decays into two particles, b and ¢, with ¢ falling through the horizon and b

escapes to the exterior region outside the ergosphere, then conservation laws tell us
ph=py+pl, Eo=E+ E.. (2.35)

But, as the product E. = —p.,£" is not positive definite (as £ is spacelike), E, can be

less than zero which implies
E, < E,, (2.36)

and we would have extracted some of the energy of the black hole. It is important to note
that the energy extracted via the Penrose process is bounded, unlike Hawking radiation,
which proceeds continuously—ultimately leading to complete evaporation of the black
hole, unless a remnant scenario is considered (see Section 4.4 for details). The wave analog

of this process is known as superradiance [40].
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2.5 The AdS Spacetime

We now briefly review Anti-de Sitter (AdS) spacetime, a maximally symmetric solution to
Einstein’s equations with a negative cosmological constant A < 0. AdS spacetime plays a
central role in string theory and quantum gravity, particularly due to its appearance in
the AdS/CFT correspondence. Throughout this section, we work in units where the AdS
radius / is related to the cosmological constant by

d—1)(d—2)

_
A=, (2.37)

in d spacetime dimensions.

2.5.1 Basics

The AdS,; spacetime is a maximally symmetric, constant negative curvature solution to
the vacuum Einstein equations with A < 0. Its metric can be written in global coordinates
(t,p, Q) as:

2 2

-1
ds* = — (1 + ’22) dt* + (1 + Z) dp® + p*dQ3_, . (2.38)
This geometry exhibits a timelike boundary at spatial infinity (p — o0), in contrast to
asymptotically flat or de Sitter spacetimes. As a result, signals can reach the boundary
in finite proper time, making boundary conditions and holographic duals physically
significant.

Another commonly used coordinate system is the Poincaré patch, which covers only a
portion of global AdS but is particularly useful in holography:

2
ds® = ; (—df? + da® + d2?) (2.39)

where z > 0 is the bulk radial coordinate, with the boundary at z — 0.

2.5.2 BTZ Black Hole

A particularly important black hole solution in AdS3 is the BTZ black hole, discovered by
Banados, Teitelboim, and Zanelli [41]. Unlike higher-dimensional black holes, the BTZ
solution arises from identifying points in AdSs; under discrete isometries, and it exists

despite the absence of local gravitational degrees of freedom in three dimensions.
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The metric of the non-rotating BTZ black hole is:

r? r2\ !
ds® = — (—]\/[ + £2> dt* + (—M + £2> dr? +r?d¢? (2.40)
where M is the ADM mass and the angular coordinate ¢ is periodically identified,
O~ ¢+ 2m.
For M > 0, this geometry describes a black hole with event horizon at

r. = (VM , (2.41)

and with no curvature singularity at r = 0—the singularity is instead of topological origin.
The BTZ black hole provides a useful toy model for black hole thermodynamics and
information in a quantum gravity context, particularly in the study of AdS/CFT duality

in 2 4+ 1 dimensions.

2.6 Black Hole theorems

In the last century, several powerful theorems concerning black holes were developed,
laying the groundwork for the emergence of black hole thermodynamics as a distinct field.
In this section, we review these foundational theorems without proof and highlight how
some of them set the stage for the thermodynamic formulation presented in the next

chapter.

2.6.1 Birkhoff’s theorem

The theorem presented by Birkhoff [42] states that

Any spherically symmetric solution of the vacuum Finstein field equations

must be static and asymptotically flat.

This means that the exterior solution of a spherical, nonrotating, gravitating body must
be given by the Schwarzschild metric (2.4). A similar theorem can be extended to vacuum
Einstein-Maxwell field equations to give the Reissner-Nordstérm solution. Unfortunately,

such a theorem does not exist for the Kerr or Kerr-Newman solution.”

2.6.2 Israel’s Uniqueness theorem

Presented by Israel [43] and then later improved in [44-46], this theorem states that

"We revisit this issue in the Section 7 and present some speculations.
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The only static and asymptotically flat solution, with a regqular event hori-
zon, to the Finstein’s field equations is a spherically symmetric solution, the

Schwarzschild solution.

This is the converse of the Birkhoff’s theorem. A similar theorem applies to the Reissner-

Nordstorm solution and Kerr-Newman solution.

2.6.3 No hair theorem

This theorem remains unproven in full generality and is therefore often referred to as the
no-hair conjecture. The idea was originally anticipated by Wheeler [47], inspired by the
uniqueness results of Israel, Carter, and Wald [48-51]. In some sense, it is a culmination

of the efforts for the uniqueness theorems. The conjecture posits that:

A black hole, after gravitational collapse, can be described by just a few ex-
ternally observable parameters—M , J, and QQ—and has no additional “hair”

(i.e., no other independent degrees of freedom,).

It should be noted that this theorem is not true in higher dimensional theories of gravity,
in the presence of non-abelian Yang-Mills fields or some theories of gravity other than

Einstein’s general relativity [52].

2.6.4 Hawking’s Area theorem

In the end, we present Hawking’s area theorem [53] that states

Under general conditions like the absence of naked singularities and weak energy

condition, the cross-sectional area of the future event horizon never decreases.

This growth of horizon area bears a striking resemblance to the second law of thermody-
namics. It was Bekenstein who first recognized this resemblance. In his seminal paper [2],
he conjectured that Hawking’s area theorem might hold deeper significance for the nature
of a quantum theory of gravity. He proposed a thought experiment and asked what
happens to the entropy of a hot cup of coffee once it is thrown into a black hole? Does
the universe lose entropy—in violation of the second law of thermodynamics?

To resolve this paradox, Bekenstein introduced the idea of a generalized second law,
which asserts that the sum of black hole entropy (proportional to the area of the black hole
horizon) and entropy of matter never decreases. This profound insight laid the groundwork
for the development of the laws of black hole thermodynamics which we review in the

next chapter.
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Chapter 3

Black Hole Thermodynamics

If you feel you are in a black hole, don’t give up.

There’s a way out.

— S.W. Hawking

Having surveyed the fundamental properties of classical black holes, we now turn to their
quantum aspects. Specifically, we enter the semiclassical regime, where matter fields are
quantized on a fixed classical spacetime background.

This chapter presents key developments that established black hole thermodynamics
as a cornerstone of modern theoretical physics. We begin by introducing the essential
ideas of quantum field theory in curved spacetime and then derive Hawking’s prediction
of black hole evaporation. Finally, we examine the conceptual challenges posed by this
phenomenon—including various formulations of the information paradox—and explore

proposed resolutions.

3.1 Quantum Field Theory in Curved Spacetime

The key difference between quantum field theory in flat Minkowski spacetime and in
curved spacetime lies in the absence of a preferred notion of positive and negative
frequency modes. In Minkowski space, the symmetries of the spacetime are encoded in the
Poincaré group, and in particular, the existence of a global timelike Killing vector allows
a natural definition of positive frequency modes—those that oscillate as e=** with w > 0.
These modes define a unique vacuum state, the Minkowski vacuum, and the division
between positive and negative frequencies is preserved under Lorentz transformations.
Consequently, the Fock space constructed on top of this vacuum is invariant under inertial
coordinate transformations and provides an observer-independent particle interpretation.

By contrast, in curved spacetime, such a global time translation symmetry typically
does not exist. Without a global timelike Killing vector, there is no unique way to

decompose solutions into positive and negative frequency parts that all observers agree
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upon. Different observers—or even different coordinate choices—may adopt different mode
decompositions, leading to distinct definitions of vacuum and, consequently, inequivalent
Fock spaces.

This fundamental ambiguity in curved spacetime is one of the most striking conceptual
departures from quantum field theory in flat spacetime. It gives rise to remarkable physical
phenomena such as gravitational particle production, the Unruh effect, and Hawking
radiation.! We focus our attention on the Hawking effect and review the field of black

hole thermodynamics.

3.1.1 Scalar field in curved spacetime

We consider the simplest case of a scalar field in curved spacetime. The action for a scalar

in d + 1 dimensions is

S = /dd+1x\/—_g (V#q)(x“)V“(I)(x“) — mQCDQ(a:“)) : (3.1)

We can solve the scalar field equation and expand the field into orthonormal positive and

negative frequency modes as
() = Y (acfile?) + al 7 (o)) (3.2)

where the positive modes {f;} are defined using a timelike Killing vector &{' as

Using these one can construct Fock states and a notion of particles by applying the
standard QFT techniques. The Klein-Gordon inner product in curved spacetime is defined

as’

(@1, ®y) = —i / dSH (910,85 — $30,,) | (3.4)

where Y is an initial data Cauchy hypersurface and d¥#* = d¥ n*, with d¥ being the
volume element and n* a future-directed unit normal vector to 2. Using Gauss’s theorem,
one can show that the inner product is indeed independent of the choice of hypersurface.

(See [58] for a good derivation.)

1For comprehensive treatments of quantum field theory in curved spacetime, see [28,54-57].
2Suppressing the (z#) dependence.
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3.1.2 Bogoliubov transformations and particle production

In the absence of a global timelike Killing vector, the notion of positive frequency modes
becomes observer-dependent, and the mode decomposition of the scalar field is not unique.

In addition to the expansion (3.2), one could equally well expand the field as

O(x") =3 (bigi(a*) + blgr (")) . (3.5)

i

where the {g;} are positive frequency modes defined with respect to a different timelike
vector field &5.

In general, the two sets of mode functions {f;} and {g;} are related by a linear
transformation that mixes positive and negative frequency components. This implies
that the vacuum defined by the f; modes is not empty of particles when viewed in the g;
basis. The mathematical framework that captures this mixing is known as the Bogoliubov
transformation, which we now describe.

If the two sets of modes {f;} and {g;} are related by a linear transformation of the

form

9; = Z (jifi + Biil7) (3.6)
then by substituting this relation into the expansion of ® and using the KG product (3.4),
we find that the operators {a;,al} and {b;, b} are related via

bj = Z (a;ﬂz’ - ﬁ;ﬂj) ) (3.7)

1

and equivalently,

a; =3 (b + BJib}) - (3.8)

J

These relations are known as Bogoliubov transformations.

Physically, nonzero 3;; coefficients signal mixing between positive and negative fre-
quencies. In particular, the vacuum |0,) defined by the f; modes appears populated
with particles when measured using the g; modes. The expectation value of the number

operator b}bj in the |0,) vacuum is given by
(0] Jb; [0a) = 3 |85[* (39)

Thus, the modulus squared of the [ coefficients tells us the number of particles detected

by the g-observer in the f-vacuum.
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3.2 Hawking Radiation

Hawking radiation arises from the fundamental fact that, in the presence of a black hole,
no observer can define a consistent vacuum state across the entire spacetime. This lack
of a unique vacuum leads to a mismatch in particle definitions between infalling and
asymptotic observers, resulting in observable particle flux at infinity.

In this section, we will derive Hawking radiation using two complementary approaches.
First, we present the derivation in Hawking’s original style of mode matching, which offers
deep physical insight into the mechanism of black hole evaporation. Then, we outline a
more concise derivation based on the near-horizon geometry and conformal symmetry.
While the former provides detailed intuition, the latter highlights the universal features of
the radiation process while being quick to remember. We also present a third way, the
Euclidean approach to calculate the Hawking temperature, later in the next chapter, see

Section 4.

3.2.1 Original style derivation

Hawking’s original derivation [1] of the black hole radiation computed Bogoliubov coeffi-

cients to relate scalar field modes in different coordinate frames.

Geometric setup

Consider the collapsing shell of null quanta moving radially inwards at v = vy in the
EF coordinates (Section 2.2.2). There are three regions to consider for the spacetime as

depicted in the Figure 3.1:

7

Figure 3.1: The figure shows a collapsing shell of null quanta moving radially inwards at
v = vg. The figure also labels the different spacetime regions as mentioned in the text of
this Section.
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1. Inside the shell (R;): At all times, inside the shell the metric is the Minkowski
metric give by’
ds? = —duindvg, +1* (d6% + sin 0de?) |

Ui = iy — T y Uin = Lin + 1. (310)

We can use the freedom of setting the origin by setting v; = 0 to get

_uin
5 .

r = (3.11)
2. Outside the shell, outside the horizon (R;;): Outside the shell, the metric is
given by the Schwarzschild metric for r > 2M:

2M
ds® = — (1 - r) ity Qvgus + +77 (dO? + sin 0de?) |

Uout = Tout — r y Vout = tout + re. (312>

Again, we can set vy, = 0 to get Uy, = —2r* where r* is the tortoise coordinate.
(Section 2.2.1.)

3. Outside the shell, inside the horizon (R;;;): Once the shell has passed its
horizon, the region inside the horizon bu outside the shell can be written in terms
of the Kruskal metric for » < 2M (Section 2.2.3):

32M3 _ .
d52 - = 6_WdUoutd‘/out + TQ (d92 + sin 0d¢2) s
,
Upst = €8 Vo = e for U < 0. (3.13)

As in previous cases, we can set U, = 0 to get Vo, = 1.

Matching conditions

To ensure smoothness, we match the inside R; and the outside of the shell R;; at radial

coordinate r = r. We find

Uyt = —2r" = —2 <7" +2M In <2§\4 - 1))

oy (3.14)

—wy, — 4AM1n <—

using r = —u;,/2 from above (3.11).

3We will use 7,0, ¢ as the same for both inside and outside. As they carry geometric meaning so we
do not give them subscript in.
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Wave modes and the Eikonal approximation

Having set up the geometry, we now look into the solution of a massless (setting m = 0 in
(3.1)) scalar field equation in the black hole geometry. The Euler-Lagrange field equation

Od(z*) =0, (3.15)

solution to which, ® is a sum of positive and negative frequency modes depending on
region and its timelike Killing vector. In the spherically symmetric spacetimes, the scalar

field can be expanded as

(@) = Y [ db (oo + al fi,) YI(0.0) (3.16)
Lm
where for £ = 0 modes, in the Eikonal approximation, we find f;; to take the following
form®
XZ(UM T) 1 —iku
fﬁ,k r 47T7"\/E ( )

For our case, we expand the field in three regions and define the modes as follows

1. Inside the shell (R;): Modes fi, defined as positive frequency modes at Z~ with
respect to the flat coordinate u;,. These modes get reflected at r = 0 and reach at

r ~ 2M where they can be written as

1 —1 Ug
frm) = g (3.18)

where we have used u;,(2M) = —4M using the r = —u;,,/2 at the horizon 2M.

2. Outside the shell, outside the horizon (R;;): Modes g, defined as positive

frequency modes at Z with respect to the coordinate

1

Gk, (T’ Uout) - 47Tr\/k—be_ikbuout s (319)

which using the matching conditions 3.2.1 become

1 ik (o — o (— Win+AM
i, (7 Uout (Win)) = P ot by (win—4M In (= =257~ ) ) (3.20)

This logarithmic divergence in the matching condition at » = 2M is what ultimately

4“We define y, for a later use in chapter 6. Physically, in the Eikonal approximation, one assumes
that the wavelength of the field modes is very short compared to the curvature scale of the background
spacetime which leads to the form above.
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leads to the thermal spectrum as we shall see below.

3. Outside the shell, inside the horizon (R;;;): Modes g, defined as positive

frequency modes at H* with respect to the coordinate o,

- 1
h’kc(r7 uout) = 47_‘_7&\/]{—e

~heliout (3.21)

Bogoliubov coefficients

With all the modes correctly defined, we are ready to compute the Bogoliubov coefficients.
We begin by noting the following inner products (suppressing functional dependence for

brevity) which can be easily verified using the above functions:

(fras fr) = 0(ka = K.) s (Ghy> 9ry) = 0(ke — K3) s (Poes hay) =
=9

ok — k),
(fl:aafl;k’u) :5(ka_k(lz>7 (gltbagzl/) 0

(ks = k) 5 (k. hiy) = 0(ke — Ke) - (3.22)

We also note that as the functions gy,, hy, are spacelike separated they have vanishing

cross-inner products

(gkbv hkc) =0, (gk’bv hlt:c) =0, (g;:bv hk’c) =0, (gzba Zc) =0. (323)

Recall that the scalar field can be defined as

B(at) = / dka (au, fr, +af, f7,) | (3.24)

or as

(a) = / ks (b, g1, + b, 07, ) + / dk. (cu i, +cLhy,) - (3.25)

Taking inner product (®, g, ) and equating the above two equations, we find

O, = / ki (ar, o, + @l Brur, ) (3.26)

where

by = (fras O) + Bhaky = (f/:a,gkb) ’ (3.27)

and similarly we define the other coefficients.
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Inner products

To find the coefficients we find the various inner products which we evaluate on v = const

slice using (3.4) to get

Aol = (fka7gk,,)
= i [ dusnd® (i, Do, ~ G5, )

— —z'/47r7"2dum (—2gzbﬁuinfka>
a2 =1 Ko iy (wim—aM I (=0 ik (40
= &mir /dum W E)e b( ( AM ))
_ 1 ]%/_4M At ke (win—4M In (=520 ) ) —ika (uin+4M)
21 k’b —00 "
1 k;a/oo o eikb(7w74M74M1n(ﬁ))+ikaw’
2 kb 0

1 kq,

= oo (AM) R DD (1 — iy (AM) (i (ks — k)~
b

1 ke (TN"E ky . it

~ o\ &, (F) (- i) (=ilky = ka)) : (3.28)

where we made the change w = — (u;, + 4M) and replaced k = 1/4M as surface gravity.

Similarly, we compute

ﬁkakb = (fka gkb

= / W du. et Umf4M1n( um+4M))+zka(um+4M)
k:b zn
— _\/7/ oo oo (w—AM—AM In (= 327) ) +ikaw
ks )
/ dw ezk’b —w—4M— 4M1n(%)>_ikaw
]{Zb )
A ) ST = i k) (329)
from which we find
wk
| g, | = eTb’ﬁkakb‘ . (3.30)

Radiation distribution

Suppose we define the absorptivity of the black hole as
D(ky) = | dka (Jok,inl* = Bl (3.31)
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which is the fraction of particles absorbed by the black hole that were emitted at past
null infinity, then from (3.30) we get

(k) = (e _ 1) /0 " ko Boun . (3.32)

Using the expectation of the number operator (ng) = [5° dk,| Bk, |* We find

(nk) = ;;fbikl’) (3.33)

e —1

which for a massless field (w = |ky|) gives the familiar Planck distribution

['(w)

<nw> = egﬂ-Mw o 1 ’ (334)

where we have set the surface gravity k = 1/4M for a Schwarzschild black hole. (See
Appendix A.1.) After reinstating all the physical constants, we can extract the Hawking

temperature

he3

Ty =——.
a 87TGNM]€B

(3.35)

3.2.2 Near horizon derivation

We review the Hawking effect by interpreting it as the dynamical formation of Rindler
space from Minkowski spacetime. In this derivation we show the presence of an outward
thermal energy flux from the black hole precisely at the Hawking temperature. While
Hawking’s original derivation considers a quantum scalar field in a fixed Schwarzschild
background [1], here we present a rapid derivation that leverages the power of the near-

horizon approximation and conformal field theory techniques.

Near horizon geometric setup

We again consider the collapse geometry modeled by the Vaidya metric as in (3.12) with
M = MO(v — vy) representing a shockwave. The shockwave divides the spacetime into
regions. We focus on the two regions which we describe as “in” (R;) and “out” (R;;) as
seen in the Figure 3.1. We will zoom into the region r ~ 2M while focusing on the 1+ 1D
spacetime and understand the mode expansion across the shockwave. The “in” region is

Minkowski spacetime with metric

ds? = —duj,dv, v <y, (3.36)
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and the “out” region in the near horizon approximation has the Rindler metric
ds* = —k?p*dv? + 2kpdudp, v > vy, (3.37)

where p = /8M (r — 2M) is the proper distance and « is the surface gravity x = 1/4M.

The tortoise coordinate r* is
. 1
r*~—Inkp, (3.38)
K
which gives the outgoing null coordinate in the out region as .,
. 2
Ut =V — 2 ~v — =Inkp. (3.39)
K
In terms of the null coordinates, the metric becomes
ds? = —e"=vout) dy v (3.40)

Matching conditions

At the location of the shockwave v = vy, for smoothness, we demand the two metrics to
match. The wu;, coordinate in terms of p is
Kp?
Upp, = Vg — 21 ~ v — 2(2M + —-) (3.41)
where we have used the near horizon expansion r ~ 2M + ”T”Q. Substituting p in terms of
the gy from (3.39), we find

1
Uiy = Vg — AM — —eFvo—tout) (3.42)
K

Conformal transformations and the Schwarzian

We now return to the dynamics of a scalar field in this background. As in Section 3.2.1,
we consider the scalar field equation but this time in the near-horizon limit. In the null
coordinates (u, v) appropriate to this region, the wave equation for the (¢, r) part simplifies

as
auavXK(ta T) =0 ) (343)

which we recognize as two dimensional conformal field equation.’
To compute the radiation flux, we need the vacuum expectation value of the stress

energy tensor. We define the normal ordered stress energy tensor for a conformal field f

°For standard references of CFT, see [59-62].

30



using the point splitting [55]°

h 1

: T:I::I: (xi) L= limi 6if(:1:i) ;:f(l’/i) -+ gm .

'tz

(3.44)

In a 2D CFT, a normal ordered stress energy tensor transforms under a conformal

transformation % — y* as

2
Ty, (yF) = dr* Ty, (z* L 3.45
AL \y) = dy= ) Ly (27) 247r{x Y ts (3.45)

where {2%, y*}g is the Schwarzian operator.

The Hawking effect

At last, we are now ready to find the Hawking effect using the machinery developed above.
Similar to the previous section 3.2.1, we consider a massless scalar field initially prepared
in the “in” Minkowski region v < vy with a natural ground state |in) with respect to the
(4in, v) coordinates. Let this have the stress tensor 7, , . And the “out” Rindler region
has the vacuum state |out) with respect to the (uout,v) coordinates and stress tensor

T . S0, the question becomes

Uout Uout
How d068 a R'lndl€7 “Out” 0b367 ver wlth COOTdinateS Uu v €1 Cel.ve the
) out)

Minkowski |in) state?

And to find this, we calculate (in|: T,

noting

. |in) using CFT techniques. We start by

out Wout

(in] = T,

Uin Win

:lin) =0, (3.46)

as it is the Minkowski vacuum and the observer sees its own vacuum empty. Then from
(3.45),

(in| : T, .. :lin) = (du t> (in] : T, . :lin)— %{uin7uout}57 (3.47)
h hik?

= {uina uout}S == (348)

24w 487’

where in the last line we have used (3.42) to calculate the Schwarzian. Note the simplicity
of the derivation! This derivation, relying solely on conformal symmetry and smooth
gluing of coordinate patches, elegantly reproduces Hawking’s result without requiring

detailed mode analysis.

=

6Here, & refer to any general orthonormal basis, for our case, we will use = v, u).
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The ingoing sector (in|: T, :|in) can be found to vanish. This tells us that an

observer in the Rindler vacuum perceives the Minkowski vacuum populated by positive

frequency modes with a thermal flux of % which is precisely what Hawking had found

as shown in the previous Section 3.2.1.

3.2.3 Different vacua in curved spacetime

Throughout the analysis of black hole evaporation, we have encountered various vacuum

states, each reflecting a different observer perspective or spacetime region. We summarize

these vacua in curved spacetime’ here for conceptual clarity.

1.

Minkowski vacuum |0,;): This vacuum is defined by requiring the normal modes f

to be positive frequency with respect to the static timelike coordinate ¢.

Boulware vacuum |0g): Defined by requiring normal modes to be positive frequency
with respect to the Killing vector 9/0t with respect to which the exterior region of

a black hole is static i.e. the Schwarzschild coordinate ¢.

Unruh vacuum |0y): Defined by taking modes that are incoming from Z~ to be
positive frequency with respect to /0t with ¢ being the Schwarzschild coordinate,
while those that emanate from the past horizon are taken to be positive frequency
with respect to the Kruskal coordinate U, the canonical affine parameter on the

past horizon.

Hartle-Hawking vacuum |0gg): This vacuum is defined by taking incoming modes
to be positive frequency with respect to the Kruskal coordinate V', the canonical
affine parameter on the future horizon, and outgoing modes to be positive frequency
with respect to the Kruskal coordinate U, the canonical affine parameter on the

past horizon.

Rindler vacuum |0g): In flat spacetime, the metric is static with respect to both
t (Minkowski timelike coordinate) and 7 (Rindler timelike coordinate) and hence
one can find mode functions which are positive frequency with respect to ¢ or with

respect to . The Rindler vacuum is defined using 7.

3.3 The Four Laws of Black Hole Thermodynamics

The classical theorems of black hole mechanics—particularly the area theorem discussed

in Section 2.6—led to a compelling analogy with the laws of thermodynamics. Initially,

"While additional vacua can be defined in other curved spacetimes—such as those describing expanding
universes or (anti-)de Sitter geometries—we restrict our focus here to vacua relevant for black hole
spacetimes.
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this analogy was purely formal: within the classical framework of general relativity, the
similarities were mathematical rather than physical. However, the discovery of Hawking
radiation, emerging from semiclassical gravity, transformed this analogy into a deep
physical equivalence, thereby establishing the foundations of black hole thermodynamics
[63—66].

There is, in fact, a remarkably simple way to trace how quantum effects are essential
in elevating this analogy from formality to physical law. Let us, for a moment, set aside
Hawking’s black hole radiation result. As discussed in Section 2.6, Bekenstein proposed
that the second law of thermodynamics must be generalized in the presence of a black
hole. He conjectured that the total entropy; the sum of entropy of matter and the area of

a black hole never decreases:

A
Sgen = Smatter + Eh 5 (349)

where « is a proportionality constant which can also be used to formally define a temper-

ature of a classical black hole to be

Ak

Ty = e (3.50)
While elegant, this proposal quickly got into trouble; Imagine immersing the black hole
with temperature Tgy in a thermal bath with temperature Ty, < Try. The classical
black hole would absorb the radiation without emitting anything, leading to a net transfer
of heat from a colder body to a hotter one violating the generalized second law!
Bekenstein’s formal analogy between the area of a black hole and its entropy required
a physical input and needed black holes to radiate. A subtle hint comes from dimensional
analysis: the product akp must have units of area, [L]?. However, general relativity alone,
with its constants G and ¢, cannot furnish a length scale. Only by mixing Planck’s
constant h into the recipe can one cook up an area scale, suggesting that quantum
mechanics must be a necessary ingredient.
This is precisely what Hawking demonstrated: by incorporating quantum field theory
in curved spacetime, he showed that black holes emit thermal radiation with a temperature
proportional to hx, thus confirming Bekenstein’s insight and establishing the physical

foundation for the laws of black hole thermodynamics which we describe below:

Zeroth Law

For a stationary black hole, the surface gravity k is constant over the

entire event horizon.

First Law
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For perturbations of stationary black holes, the change in mass is related

to changes in horizon area, angular momentum, and charge as
dM = kdA + QgdJ + PydQ, (3.51)

where M is the mass, A is the horizon area, Qg is the angular velocity,
J is the angular momentum, @y is the electrostatic potential and Q) is the

electric charge.
Second Law

The horizon area A of a classical black hole event horizon never decreases

in any classical process:

dA
—>0. 3.52
i (3.52)

Third Law

It is impossible, through any physical process, to reduce the surface gravity

k of a black hole to zero in a finite number of steps.

3.4 The Black Hole Information Paradox

The discovery of Hawking radiation revealed that black holes emit thermal radiation at a

temperature

_ hs  hé
N 27TC]{‘B N 87TGM]€B’

where x is the surface gravity and M is the mass of the black hole. This result confirmed

Ty (3.53)

that black holes behave as thermodynamic objects, possessing an entropy

Spi = (3.54)

1GH
and obeying the laws of thermodynamics. However, this thermodynamic behavior leads
to a fundamental puzzle when combined with the principles of quantum mechanics.
Hawking’s original derivation shows that black holes radiate as perfect black bodies,
with the outgoing radiation in a thermal, mixed state. Consider a black hole formed from
a pure quantum state |¥). In semiclassical gravity, the evolution of this state leads to
the emission of Hawking radiation entangled with interior modes, resulting in a reduced

density matrix for the radiation:

Prad = Trint|\1[><\11| ~ Pthermal - (355)
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As the black hole evaporates completely, only the radiation remains. This implies an
evolution of the form:
’\D> — Pthermal s (356)

a transformation from a pure to a mixed state, which contradicts unitary evolution:
W) = UGOIWO) = p(t) = Up(O)U", (3.57)

Such non-unitary evolution is incompatible with the standard framework of quantum

mechanics and raises the central question of the black hole information paradox:
Can black hole evaporation be consistent with unitary quantum evolution?
Various proposals have been made in response:

o Information loss: Hawking originally proposed that quantum gravity may allow

non-unitary evolution, leading to a fundamental loss of information.

« Remnants: A stable Planck-scale remnant might store information, but such
scenarios typically require an infinite number of internal states, leading to theoretical

inconsistencies.

o Information recovery: A widely favored view is that Hawking’s semiclassical
treatment misses quantum gravitational corrections that restore unitarity. In par-
ticular, the entanglement entropy of the radiation, S;,q(t), should follow the Page

curve, rising until the Page time and then decreasing as information is recovered:

t L < tpage,

Srad(t) ~
SBH (t) t > tpage.

(3.58)

This behavior cannot be captured within semiclassical gravity, which predicts a
monotonically increasing entropy. Resolving the paradox therefore requires a deeper
understanding of the quantum structure of black holes.

In the chapters that follow, we explore how string theory—and in particular the
fuzzball paradigm—offers a framework in which the information paradox is resolved. In
this approach, black hole microstates are described by horizonless, smooth geometries that
emit radiation in a unitary manner. These solutions reproduce the Bekenstein-Hawking
entropy and bypass the central assumptions leading to the paradox, providing a compelling

resolution within a consistent theory of quantum gravity.
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Chapter 4

Black Holes in String Theory

String theory is a part of twenty-first century physics
that fell by chance into the twentieth century.

— E. Witten

String theory is a framework in which the fundamental constituents of nature are
not point particles, but one-dimensional extended objects called strings. At low energies,
string theory reduces to the Einstein field equations, but it also provides a microscopic
description of black holes, revealing rich structures—such as branes and dualities—that go
beyond classical general relativity. These features make it a powerful setting for exploring
the issue of the black hole information paradox we discussed in the last section of the
previous chapter, Section 2.6.

To make concrete progress on the black hole information paradox within string theory,
it is useful to examine specific, tractable examples where black hole microstates can be
constructed explicitly. Among the various systems studied over the past two decades,
the D1D5 brane configuration has emerged as a particularly rich and well-understood
setup [67]. It captures the essential features of black hole microphysics while offering
analytic control over both geometric and CF'T descriptions.

Rather than surveying the full landscape of string-theoretic black hole solutions', we
focus on a single representative system and present a lightning review. This chapter
provides the foundational framework and motivation for the subsequent investigations into
the lifting of D1D5P states (Section 5) and the emergence of thermodynamic behavior in

horizonless geometries (Section 6).

IFor standard references, see [3,68-70]
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4.1 The Geometric Description of the D1D5 System

In a certain type of String theory, namely type IIB string theory compactified on”
M? x S' x T*, one encounters an interesting configuration known as the D1D5 system.
This system can be constructed in M theory using intersecting M2 branes or in type
IIB string theory as a bound state of ns; D5-branes wrapped on S' x 7%, n; D1-branes
wrapped along one of the S' and n, momentum carried along the S* direction.

In the 10D string theory the solution takes the form

1 4
ds2, = 7 (=df? +dy* + (f, — 1) (dt + dy)?) + f5 (dr® +r2dQ3) + Y dz"dz,,  (4.1)
a=1

1

where 1% = x3 + 23 + 22 + 2% with (¢, 21, T9, 23, 24) = (t,7,Q3) as the coordinates of M?, y

as the S! circle and z, as coordinates on T%. The functions f; and the coefficients ¢; are:

cng . 4G9 R e
filr) =1+ 2 i€ {1,5,p}, ¢ = p 7];70/ . cs=algs, cp= Tg’ (4.2)

where Gg\?) is the 5D gravitational constant, g, is the string coupling, o/ is the Regge slope
and R is the radius of S*.

At high energies, this system can be identified with a classical extremal charged black
hole” in five dimensions, as first recognized in [69]. The metric of the resulting 5D extremal
black hole is given by:

g5t = M + (fufsfp)V? (dr +72dQ3) (4.3)
b (f 1 f 5 f p)2/ 3 i 5
This solution has a horizon at r = 0 with nonzero area. The physical radius of the horizon

and the area are given by:

Ry, = (c165¢, n1n5np)1/6 , (4.4)
A =21°R; = 87TG$3), /Minsn, . (4.5)
The Bekenstein-Hawking entropy then reads:
Ap
SBek = E = 271'«/711%57127. (46)
N

2 M refers to a five-dimensional compact manifold like 7° or K3 x S, TV, represents an N dimensional
torus, SV represents an N dimensional sphere, and K3 represents a Calabi-Yau manifold.

3A non-extremal generalization of this solution can be obtained by introducing a non-extremality
parameter 1o and boost parameters «; associated with each charge. For full expressions, see [67,71].
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4.2 The CFT Description of the D1D5 System

At low energies, the D1D5 system is described by a 14-1-dimensional supersymmetric gauge
theory arising from open strings connecting the branes. The moduli space of this theory
includes a Higgs branch, corresponding to configurations where the branes form bound
states while preserving supersymmetry. In the infrared (IR) limit, the theory flows to a
nonlinear sigma model with target space given by a smooth resolution of the symmetric
product orbifold of M = T* or K3, where N = n;ns. This results in a two-dimensional
N = (4,4) superconformal field theory (SCFT) that captures the interacting dynamics
of the system. A free field realization of this theory can be constructed using N = nin;
copies of four bosons and fermions. See [67] for a detailed analysis.

While the D1D5 SCFT is not generically free, it becomes exactly solvable at a special
point in its moduli space known as the orbifold point. At this point, the theory reduces to
a free N = (4,4) supersymmetric sigma model with target space Sym”™ (M) = MY /Sy.
Although the orbifold point lies far from the point in moduli space holographically dual
to string theory on AdS3 x 83 x M, it remains computationally tractable and retains the
correct BPS spectrum. In particular, quantities protected by supersymmetry—such as
black hole microstate counts—are invariant under moduli deformations and can thus be
reliably computed at the orbifold point. We will make use of this free field realization to
motivate the lifting program developed in Chapter 5.

Using the CF'T description one can calculate the entropy of the D1D5 CF'T, this was
done by [3] and remarkably found to match the Bekenstein entropy of the 5D black hole.*
We review the key features of the calculation below. At the orbifold point of the D1D5
SCFT, the central charge of the CF'T is given by

c=6nin;. (4.7)

Adding a momentum charge n, carried by left-moving excitations Ly = ns gives us the
D1D5P system described in the previous section. Now, Cardy’s formula [72] gives the
asymptotic density of states at large energy in a 2D CFT as:

CL(]
Smicro =2 .
BAG

= 2m\/ninsn, (4.8)

which is exactly the Spe, found in the previous section as (4.6).

4Note, at this low-energy limit, one can imagine the D1D5 system to be like system of gas particles
which has entropy but due to weak gravity, cannot form black hole. But, one can show that this entropy
remains protected as one moves away from this free orbifold point into the regime of strong coupling
where we have black holes.
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4.3 The Fuzzball Paradigm

In the above discussion, we counted black hole microstates by an indirect argument—using
supersymmetry to relate the state count at weak coupling (gs ~ 0, the CFT description) to
the entropy at strong coupling (gs ~ 1, the supergravity, black hole description). At weak
coupling we could count states, but these did not form black holes. At strong coupling,
we relied on the classical black hole metric and computed the area law entropy. But this
metric has a horizon, and thus leads to the information paradox. To resolve this issue, we
must explicitly construct the microstates at strong coupling and study their geometry.

This is the goal of the fuzzball program. [4,5,73-77]. In what follows, we present the
2-charge solution and highlight its key features.

4.3.1 The naitve NS1-P solution

Consider the 3 charge metric of the previous section (4.1). Setting the ns charge to be
zero, we find the metric to be of the form

1 4
ds?) = — (_dudv +(f,—1) dv2> +dr® 4+ r?dQ; + ) dztdz,, (4.9)
a=1

fi
for u =1t —y,v =t +y. This two-charge metric can also be viewed as the NS1-P solution,
obtained via a sequence of T and S dualities.” We will refer to this solution as the
naive NS1-P metric, as we will now argue that it does not correspond to a physical
configuration of NS1 and P charges.

While the two-charge geometry above solves the low-energy supergravity equations
away from r = 0, the presence of a singularity at the origin does not ensure that the
solution is admissible in full string theory. In the bound state of NS1-P, the momentum P
is carried by traveling waves on the multiwound NS1 string, with winding number k& = n;.

However, the fundamental string NS1 does not possess longitudinal vibration modes.
Thus, all of the momentum must be carried by transverse oscillations. This necessarily
causes the string to bend away from its central axis, implying that it cannot remain
localized at r = 0 in the transverse space. We are therefore led to question the validity of
the naive solution, which assumes that the NS1-P source sits at a point in the transverse

space.

SIf we retain only two charges in the D1-D5-P system, the resulting bound state is dual to the NS1-P
configuration. This duality is useful for understanding the geometric structure of the D1-D5 system, since
the NS1-P frame describes a fundamental string carrying left-moving vibrations.
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4.3.2 The true NS1-P solution

Let us now find the true 2 charge solution with a transverse wave profile with momentum
P on the NS1 string. There are n; strands of the long multiwound NS1 string carrying a
momentum profile of F *(v) where s labels each strand. The geometry can be found using

the standard harmonic superposition method [70] and is given by®

1 : -
ds?, = = (—dudv + (f, — 1) dv* + 2A;da'dv) + dr +r2dQ3 + > dz"dz,,

1 a=1

Qi QiIF ()P QiF ()
=1+ = 1+ = Al = — —_— .
Ao TR T e e 27— FoF
(4.10)
In the so called black hole limit of ny,n, > 1, we find

n1 ni 2rRn1 (g 1 Lt

ds = / Cy=— [ v, 4.11

32:21 ” /s=0 § y=0 dy Y= 2R Jumo " (4.11)

where Ly = 2w Rn4 is the total range of the y coordinate on the multiwound string. With

these substitutions and Qg = Q1 , we find our solution to be

1

1 : -
ds?, = £ (—dudv + (f, — 1) dv? + 2A,da’dv) + dr? + r?dQ3 + Z dz"dz,
=1

Q1 dv Q1 Ly dv|F( NE Q1 Pt dvF(v)
fl_HLT/O |~ F(v))2 = LT/O & — Fu)l?’ A= LT/O &~ F))2
(4.12)

4.3.3 The D1D5 versions

Using a string of S and T dualities, one arrives at the D1D5 solution for the above NS1-P
solutions. We do not explicitly mention all the dualities here but refer the reader to [4] for

a detailed analysis. We contrast the D1D5 versions of the naive and true NS1-P solutions

below.
_ +2 2 /
ds? pive = dt/ +dy — + \J (1 + Q) <1 Q5> (dr® + r*dQ3) +
\/ (1+%)(1+%)

5We have used a shorthand @ = c¢in; to match with standard literature.
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1 . : &
ds?.,. = ——= (—(dt — Aydz")? + (dy + B;dz")?) + / dr? 4 r2dQ3) + |2 Y dztdz,
t /f5f1 < ( ) ( Y ) ) f5f1( 3) fSG;l
L L F 2
fo14 pQ1 /“ T dvﬁ Ch=1+ pQ1 /“  dv|p EU)‘ 7
Li Jo J&— pF(o)P Ly ho J7— B ()P
JoN /“LT dvpFi(v)
A= — . dB = — 4 dA, 4.14
Ly Jo |7~ gF(v)]? o (4.14)

where x4 is the duality operation in the 4-d transverse space (r,€23) and p is a parameter
constructed out of the different moduli during the duality transformations. These geome-
tries (4.14) represent horizonless, smooth solutions that carry the same charges as the
naive 2-charge black hole. Unlike the standard black hole geometry—which would emerge
from spherically averaging over all such microstates—each fuzzball has a unique structure
in the cap region determined by its profile ﬁ(v) Far from the core, the geometries match
the throat of the black hole, but near r ~ 0, they cap off smoothly without forming a
horizon.

In Fig. 4.1, we schematically depict this transition from naive black hole geometry to
horizonless fuzzball states. In the next section, we analyze the key lessons that emerge

from these constructions.

(@) Ly =n,L

‘Naive geometry’ ‘Actual Solution’
(Fuzzball)

Figure 4.1: (a) If a string could carry momentum as a longitudinal wave, then it would
generate a spherically symmetric geometry. (b) This ‘naive’ geometry would have a
singular horizon at leading order, but o’ corrections turn this singularity into a regular
horizon. (c¢) The actual string of string theory has only transverse vibrations, which break
spherical symmetry and cause the string to spread out over these transverse directions.
(d) The resulting geometry is a ‘fuzzball’ with no horizon.
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4.4 The Black Hole Information Paradox: Revisited

The fuzzball paradigm, emerging from explicit constructions in string theory, offers a
novel resolution to the black hole information paradox. In this framework, black hole
microstates correspond to horizonless, smooth geometries—termed fuzzballs—rather than
the traditional singular solutions with horizons. The construction of large classes of
such solutions, particularly for the two-charge and three-charge systems, challenges the
standard black hole picture by demonstrating that horizonless geometries can reproduce
the same charges and asymptotics as classical black holes.

Fuzzballs evade the paradox precisely because they lack horizons: the quantum informa-
tion paradox arises from the presence of an event horizon, which leads to information loss
in Hawking’s semiclassical derivation. In contrast, fuzzballs radiate like any other quan-
tum system, preserving unitarity. For example, non-extremal fuzzball solutions exhibit
ergoregion emission spectra that match the predictions from the dual CFT and reproduce
the expected thermal features, while remaining explicitly unitary. These matches provide
compelling evidence that the traditional semiclassical black hole description emerges as a
coarse-grained average over an ensemble of fuzzball microstates.

This perspective implies a significant shift in our understanding of black hole entropy.
Although fuzzballs do not possess horizons, the area-entropy relation still holds when
evaluated on surfaces enclosing the cap region where microstates differ. This suggests that
the Bekenstein-Hawking entropy counts the number of orthogonal fuzzball geometries
compatible with given macroscopic charges. Moreover, features such as the nontrivial
fibration of compact directions, dipole charge structure, and deviations from spherical
symmetry point to rich structure near the would-be horizon, supported by stringy and
topological effects.

Despite this progress, many open questions remain. One of the most pressing challenges
is understanding how black hole thermodynamics can be recovered when the classical
geometry is replaced by a horizonless microstate. From the dual CFT perspective, it
remains unclear which states remain BPS as we move away from the orbifold point,
and to what extent they lift. More broadly, we may ask whether all black holes admit
a complete description in terms of fuzzball microstates. What is the classification of
non-BPS fuzzballs? What governs their dynamics under gravitational collapse? And by
what mechanism does semiclassical geometry emerge from an ensemble of microstates?

Observationally, the possibility that astrophysical black holes are fuzzballs raises
tantalizing prospects. Could echoes, horizon-scale structure, or subtle deviations from
classical predictions offer evidence for underlying microstructure? Many of these phenom-
ena are becoming increasingly accessible through current and future gravitational wave
observations.

We explore two of these directions in the chapters that follow. In Chapter 5, we
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analyze the lifting of D1D5P states away from the orbifold point and their implications
for the microstate structure. In Chapter 6, we study the thermodynamics of horizonless
Extremely Compact Objects, testing the emergence of black hole thermodynamics from

regular, unitary systems.
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Chapter 5

Lifting in D1D5P system

Our job in physics is to see things simply, to under-
stand a great many complicated phenomena in a unified

way, in terms of a few simple principles.

— S. Weinberg

In the previous section, we reviewed the essential ingredients of black holes in string
theory and identified the D1D5 system in type IIB string theory as a particularly tractable
and instructive setup for probing the black hole information paradox. In Section 4.2, we
noted that the near-horizon dynamics of the D1D5 black hole is described by a 1 + 1D
conformal field theory, known as the D1D5 CFT, where the momentum charge n, is
carried by left-moving excitations'. This CFT possesses a special point in its moduli
space, known as the orbifold point, where the theory admits a free-field description in
terms of bosons and fermions living in twisted sectors.

At this orbifold point, states with purely left-moving (or purely right-moving) exci-
tations are BPS? and preserve a fraction of the N' = 4 supersymmetry. As the CFT is
deformed away from the orbifold point toward the strongly coupled regime, for which there
is a description in terms of a dual semiclassical gravity theory, some of the short multiplets
formed from these BPS states join together into long multiplets and lift—acquiring anoma-
lous corrections to their conformal dimensions. Only those states that remain unlifted
(and thus BPS) throughout the moduli space contribute to protected quantities like the
index. Given that the total number of such unlifted states (the set of microstates of the
extremal black hole and hence the entropy) is captured by a supersymmetric index [3, 78],

key questions arise:

Which extremal states at the orbifold point stay unlifted and thus remain BPS
across the moduli space? Among the states that lift, how much does their

conformal dimension shift upon lifting?

Without the loss of generality, we let the momentum charge be carried by left-movers.
2See [3] for a quick introduction to BPS states in black hole physics.
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In this chapter, we review the progress we have made in addressing these questions. We
examine specific families of D1D5 states that are BPS at the orbifold point but lift as
we move away from this free point toward the supergravity regime. Using conformal
perturbation theory, we compute the lifting at quadratic order in the coupling A. The
structure of these anomalous dimensions provides insight into how string states behave
in the dual gravity description and helps illuminate the nature of fuzzball configurations

representing black hole microstates.

5.1 Conformal perturbation theory on the cylinder

We begin by reviewing the deformation of the D1D5 CFT away from the orbifold point as
given in [79].

5.1.1 CFT Setup

Consider a 2D conformal field theory on a cylinder with coordinate w = 74140, Hamiltonian
Hj and a normalized conformal field state |¢) with dimensions (h,0). The energy of the
state is E = h+ h = h and suppose that it is nondegenerate. (We will relax this condition
soon.) We place the state |¢) on the the cylinder at 7 = —T'/2 and the conjugate state
(¢| at 7 = T/2 to get the transition amplitude’

A(T) = (p(H)| e ™" |o(=3)) = e (5.1)

Now, suppose we perturb the Hamiltonian of the system Hj as

SH())

Hy— Ho+6H(\), —
0

<1, (5.2)

where \ is a coupling constant. Then the transition amplitude of the perturbed system in

the unperturbed basis is given by

A(T) + 6A(T) = (p(%)] e HotHOT (L)) = e WH2MNT g =T (1 — 26(A)T)
(5.3)

Thus, the change in the energy 6h(\) can be read off from the coefficient of Te™"T in
SA(T).

3The initial and final states are placed at finite 7 in order to regularize the calculation. We will later
send T — oo.
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5.1.2 Degenerate states and perturbation

To generalize the setup and align it with our interests, we consider a set of n degenerate
conformal field theory states |¢,) ,a € {1,...,n} , each with left-moving conformal
dimension (h,0). In addition, we allow for the presence of other, possibly infinite, non-

degenerate states |¢,) with well-defined scaling dimensions satisfying

(Paltn) = Oap, (aldp) =0, a,be{l,...,n}. (5.4)

Under perturbation, the eigenbasis ¢ with (k,0) deforms to ¢ with (h 4 6ha (), ke (N)).*
We differentiate the two types of operators in the following way. We label the deformations
of |¢a) as |dar(N)) ,a' € {1,...,n} and all the new set of non degenerate operators with
defined scaling dimensions as |¢,(\)), normalized similarly to (5.4) where X is the coupling
of the deformation. The energies of the unperturbed states |¢,/) and the perturbed states
|¢o) are therefore E = h+h=h ,Ey = h+ 25hy(\) with expansions

Es\)=E+AEY + NXEP ...

Ey(\) =E, +AEQ + NED + ... (5.5)

Let us now consider the expansions of operators themselves. We can write
qba = Z Caa’(/\) gga’(A) + z Dau’(/\) ggu’()‘) )
a’ w
O =D Fuar () Gr(N) + D G (V) 9 (V) (5.6)
al w

where Cyyr, Doy, Flua, and G,y are A dependent expansion coefficients. Finally, we

expand the coefficients above in powers of A:

Cowr (V) = C9 4 2CY) 423202 ..
Da(\) = D) + 2D, + N2DE) + - (5.7)

Thus, in particular, ¢, can be expanded as’

a = (Chd + ACL) + NC2 4 ) b + > (ADL) + NDS) + ) G (5.8)

a’ o

4The left and right dimensions must increase by the same amount, sinceh — h must always be an
integer for the operator to be local.

5Note the absence of the term D((I(L), in this expression which can be understood by taking A — 0.
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The orthonormality condition(5.4) gives at leading order
Z o) . (5.9)

At last, to extract the change in energy dhy (A), we use the amplitude as in (5.3). Thus,

we would compute an amplitude of the type

Aa(T) = (¢o(3)e”HHHOIT 6, (= T)) . (5.10)

Substituting the expansions above into A, (7T") and using the orthonormality conditions,
we find

Au(T) = {go(5)le T g, (=3))
— Z Cga/()\)caa/()\)e—Ea/(/\)T + Z DZHI(/\)D(W,(A)G—E#,(A)T
a’ o
_ MW yom(2),
= Z (052?* + /\Cé(?* + )\QClgz)* + .- ) (C + )\C ) 4 )\20 ) . (EHEG, +A2ED) + )T
(1) 22 1 2 1(2) —(E+AE<1,)+,\2E(2,>+...)T
+Z<)\Dbu’+)‘Db/¢’+'”>()\Dau’+)‘Dau’+ “)6 : .
‘LLI

(5.11)

5.1.3 Extraction of anomalous dimensions

In general, amplitudes like A, (T") are functions of the states ¢,, ¢y, the interval T'; and
the coupling A. It is convenient to expand the amplitude in powers of A to extract the

anomalous dimension Ay (A):
Aap(T) = AD(T) + 2AQ(T) + AL (1) + -+ . (5.12)
At O(N), the Te T term is

e T Z cO g0 (5.13)

a aa

We now note that for the deformations we consider, the amplitude A, (7") has no terms at
O(X). As we will see in the next subsection, this is because the deformation operator D
that perturbs the theory away from the orbifold point lies in the twist-2 sector, while the
states |@,) and |¢,) belong to the untwisted sector. The three-point function (¢p| D |¢,)
then vanishes due to orbifold group selection rules.

1)

It follows that all first-order corrections EC(L/ vanish. To see this explicitly, observe
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that the O(\) contribution to the amplitude expansion vanishes:

~Te SO EP Y =0 Va,b. (5.14)

Let us define a diagonal matrix £(!) with entries
(E®),, = B dar (5.15)
so that the amplitude term becomes

S Gl EY Cl) = (¢OTED c) (5.16)

ba
Hence, we have
COTEL O =9, (5.17)
Since C® is unitary (by orthonormality of states (5.9)), the only solution to the above is
EM=0 = EVP=0 vd. (5.18)
At O()\?), for the Te T term, we are then left with (as Eé}) =0,vd):

—Te PTS OO ED V). (5.19)

a

Hence to know the anomalous dimensions, we can compute the matrix A, look at the
coefficient of —Te#7 then eigenvalues of A yield 20h, upto O(\?):

E? =25h, . (5.20)

For practical reasons, instead of diagonalizing the entire matrix, we compute the expecta-

tion value
> [(Sule)PES (5.21)

where |¢;) is the specific state of interest, e.g., |®(™).
This approach allows us to probe the lifting behavior of specific stringy excitations,
even when the full spectrum of degenerate states is too large to handle explicitly. We will

elaborate this crucial point soon.
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5.2 General expression for lifting at second order

We now derive the general formula for lifting using path integral techniques. Since the

perturbation is specified as a deformation of the Lagrangian,
Spert = S0+ /\/dZwD(w,w) , (5.22)

we compute the amplitude Ay, (7)) via insertions of D rather than Hamiltonian evolution.
The CFT perturbation theory method 5.1.3 requires the computation of the second order

lift from the integrated correlator

2 1 T
AT = 5(4(3)

where the factor of 1/2 comes from the second order perturbation in the path integral

/dQUJQD(’wQ,U_}z)/d2’w1D('lU1,U_)1)

¢a(—§)> . (5.23)

and the range of the w; integrals are

0<0; <2m, —%<7‘i<

!

(5.24)

It is convenient to express the states in terms of cylinder modes (e.g., J%) rather than

local fields. Factoring out the time dependence, we define

6a(~T)) =€ 7 |B.),  (op(D) = (] (5.25)

where |®) is built from modes with no explicit 7 dependence. Thus, the amplitude

simplifies to

1
Az(j))(T) = 2€_hT<‘1>b‘/dQU&D(wQ,wQ)/d2w1D(w1,@1)

<1>a>. (5.26)

Since ®, and ®, have the same energy, the integrand depends only on Aw = wy —w;. We
wish to separate integration over Aw and the center-of-mass coordinate s = %(wl + ws).

Although the integration ranges do not factorize for finite 7', in the limit T — oo,
the suppression of intermediate states with F, > h + 2 ensures that the contribution is

dominated by small Aw.® Thus, setting w; = 0 and integrating over w = w,, we find

AD(T) (sz);e—hT <c1>b ‘ ( [ 2w D(w, w)) D(O)‘ q>a> . (5.27)

The factor 27T comes from integrating over wy.

It is convenient to write these two insertions of the deformation operator D(w,w) in

6The suppression Ej, > h + 2 is ensured because intermediate states must match the spin and allow a
nonzero three-point function with D and ¢,, implying that the intermediate primary must have dimensions
(h+1,1), leading to Ey = h + 2. If we have descendants, Fy > h + 2.
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different forms
D(w,w) = GABG;_%C?E’_%O';+(U}, w) = EABGE’_%GE_%U;*(QU, w) (5.28)

which are equivalent to (B.60) but with the explicit SU(2) singlet structure obscured. In

R\

=

+ At
GC GD,—

Sl

1
T2

e

G;,71/2G§,71/2

B = 1

—

Figure 5.1: In the above figure, we depict the correlator from (5.30). In purple, we see
the initial |®) and final states (®| located at 7 = —T'/2 and 7 = T'/2 respectively. The
green contours are the supersymmetry modes from the two deformation operators placed
at (0,0) and (w,w).

the previous section on conformal perturbation theory 5.1, it was shown that the second

order lift in energy is given by the coefficient of —Te~"" in the correlator A®(T") and so’

E®)(|9)) = -7\ Thiﬂog)@ : (5.29)

where we define

X(T) = eCDeAB/de<®‘(G27_%é57_%a;_)(w,w)(Gz’_%ég,_%cﬁ*)(O,O)’CI>> . (5.30)
with the initial and final states are located at 7 = —% and 7 = % respectively. The

configuration of the amplitude in (5.30) is depicted in Figure 5.1.
We will consider the case where we excite only the left-moving part of the states. Since
the right-moving part of the states we consider is just the NS vacuum on all copies, the

right-moving part of the correlator in (5.30) will be determined simply by the D x D OPE

"We have at last taken 7' — oo and also, explicitly divided the lift by the norm (®|®) to generalize to
cases where the states are not normalized.
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and thus will contribute a factor independent of the initial and final states of the form

S Ny (G —€hp
<0NS](GB_%02 )(®@) (GB7_%02+)(0)|ONS) = (T (5.31)
It is convenient to then write X (7) as
o e
X(T) — GCDGAB/dzw A(U),O)EAC <4SlnhD2?g})>
1 e o B
= —§€CD€AB€DBECA/d2w A(w,0) 8@(C0th(%)>
i @
= i/cde(w,O) coth(%)

= Icl + [CQ + [Cs ? (532>

where the contours O, Cs and C5 on the cylinder (depicted in Figure 5.2) areat 7 = 2, —Z

27 2
and around |w| =€, € — 0 respectively and A(ws,w;) is simply the non-integrated left-
moving amplitude

A(wg,wy) = <<I>‘ <G+’;02_>(w2)<G;%0§“>(w1)‘<1>> , (5.33)

where specific SU(2), indices on the G modes have been chosen for ease of computation.

R

] = ¢
O,

Cs

Sl

1'02/\ r
2

Figure 5.2: We show the three boundary contour integrals I¢,, Ic, and I¢, defined in
equations (5.34a), (5.34b) and (5.34c) respectively. Together these contour integrals yield
the integrated amplitude in (5.32) required in the lift (5.29).
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The three contour integrals in (5.32) are then

1 g2 _
Ie,(T) = 5 ) do A(w,0) coth(%) , (5.34a)
2 _
Ie)(T) = ; ("o A(w,0)coth(%) (5.34b)
I, = —;j{wzedw A(w,0) coth(2) , (5.34c¢)

where the complex coordinates on the cylinder have been written as w = 7 + i0 and
w =T —10. In I¢, the cutoff € should be taken to 0 at the end of the calculation. The
computation thus boils down to evaluating the non-integrated left-moving amplitude
A(w,0) with the universal right-moving D x D OPE contribution factored out. We note
that, as discussed in [79], the integral I, contributes only a universal divergent piece ~ %
independently of the choice of external states which is removed by a counterterm in the

action. Thus the integral I, does not contribute to the lift (5.29).

5.2.1 The lifting method

The previous section provided the necessary tools to compute the lifting of D1D5 states.
Before presenting the results for various classes of states in the following sections, we
illustrate the complete detailed method using a single example. This will give the reader
a concrete, hands-on understanding of the lifting procedure.
We compute the lift of the superdescendant state |G¢>j(h78),

the general level of computational complexity encountered in the states analyzed through-

chosen because it typifies

out this chapter. From Section 5.2 the key quantity we need to compute is the left-moving

amplitude
A wayw1) = (91G (GF 103 ) (wa) (G _y05 ) (w) G _J0) . (5.35)

where we have taken the descendant excitation to be on a definite copy, namely copy 1,
for both the initial and final state. The general method of computing this amplitude will
be similar to that employed in [20] with some modifications to account for the fact that
we do not specify any explicit form of the superconformal primary state |¢). The steps

are as follows:

(1) The amplitude Agi(l)(wg, wy) is on a doubly-covered cylinder due to the presence of
twist operators o9. This operator joins and then splits the two copies of the untwisted
initial and final states. This effect of the twist operators can be resolved by mapping
the amplitude to the covering space. As shown in [80] and used in the context of

lifting of states in [18-20,79], the covering space map z — ¢ for the case of two order-2
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twist operators is given by

) = (t+a)t(t—l—b)’

where z = e is the doubly-covered plane. The twist operator insertions on the plane

(5.36)

at z; = e"! and 2o = €2 are mapped to t; = —vab and t5 = v ab on the covering
space. In our conventions the points z = 0 and z = oo on the first sheet of the
doubly-covered plane map to t = —a and t = oo on the covering space. Under this

map the initial state transforms as

« dw —sws o
Giold) =, Gupe " Gilunlo)
di\" [ dts —es1(dts 2 .
= 1 sh —_— - 21 2 qt t N ‘
~—1>*—aZ (di) i 2 3 (ng GA( 3>¢( )|O S> ) (5 37)

and likewise the final state transforms as

dw
B8 _ 4 sw B
<¢|G3,s—_ e 2T € 4<¢|G3(w4)
, A\ 1oty se1 (dty\?
— (3] f o () osbigien . e

where the negative sign accounts for the direction of the contour at co. Since the
covering space map (5.36) is not conformal there will be an associated Liouville factor;
this along with various conformal factors from the twist operators and spin fields are
wrapped up into a “base amplitude” [79-81]

a—>b

fi= Wk (5.39)

that is independent of the external states.

While this map resolves the geometric effect of the two twist operators, we are left
with insertions of the spin fields S~ (t2) and S*(¢1). These can in turn be removed by
performing a spectral flow of the amplitude by n = —1 and 1 = +1 units around #;

and ¢y respectively. Under these spectral flows, the state at ¢ = —a transforms as
o g ls — 11 o o g
Gt)o(DI0w) = (23] Galta)otDI0n) (5.40)

where ¢q is the J§ charge of G4 _ and the state at ¢ = oo transforms as

<ONS‘¢<t/)GﬁB<t4) - <t4 — 1

ty — t2> B<ONS‘¢<E>GﬂB(t4) . (5.41)

While the G modes from the deformation operators do transform under the above
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maps, their transformations do not depend on the external states under consideration

and so they contribute a universal factor of (see Section (4.3) of [79])

fo=abla—b). (5.42)

(3) Following steps (1) and (2) the amplitude (5.35) is now given by

1 1 1
dt dts 25 2 (dts \2 [ dta\2 (ts —t \° (ts — . \* =
A(l)(l) _ f 4 3 24 3 4 3 1 4 1 C@q £t
hs f1f2f3 oo 2m1 J—a 271 Z?S)_% ng dzy ts3 — 1o ts — to BA( 47 3) ’

(5.43)
where B )
(£ P
t' =00
and é’gi‘-‘ is the correlator
C (o, ts) = (S| G (E) G (1) G7 (1) G5 (t3) | 6) - (5.45)

At this point in the computation, one chooses how to compute such an n—point
correlation function. In our works, we have employed three methods to compute this;
the hybrid method [18], the series method [19] and the fields method [19,20].

(4) The explicit dependence of the amplitude on w; and wy can then be recovered by

using the relations

A A
a = e cosh? (w) . b=¢"sinh? (w> , (5.46)
4 4
where we define )
S = §(w1 +wy) , Aw=wy—w . (5.47)

This yields the amplitude Ag(l)(wg, wy) where both the initial and final state have
descendant excitations placed on copy 1. The left-moving copy symmetric amplitude

required for the lift of the state is then given by

Aps(w,0) = (h7s)]§<G¢‘ (G:_%UE)(w)(G;_%Uﬂ(o)’G@i(h,S)
1 &G
=5 X AL w0)
ij=1

= AW (w,0) + AP (w,0) | (5.48)

where we have used that A®® = AWM and AN = AP on general symmetry
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grounds. The amplitude A®M can be obtained from AM® via the continuation

AP (4 0) = Agi(l)(w +2mi,0) | (5.49)

S

which has the effect of interchanging the role of the two copies that the upper o

twists.

The norm of our descendant state can be found from the correlator

a a 1
(hs) S(GOIGH) sy = €ac” (sz -7+ h) : (5.50)

where the quantum numbers of the conjugate state need to be opposite to the ket
state and appropriate negative signs added as per the conjugation conventions of
Appendix B.1.3. This definition of the Hermitian conjugate state should also be
enforced on the final state of the amplitude (5.48) in order for it to be related to the
lift of a particular state. The lift is then given by

T2 2 _
= —— lim do Aps(w,0) coth( %) | (5.51)
2 > 2
IGO0 7

5 (1G5 )

where w = T +io and w = T — io with T'— oo on this contour as given in (5.34a).
Note that of the three integrals in (5.34) it was argued in Section 5.2 that I, gives
a vanishing contribution to the lift and for the states considered here we find that

limy o0 I, (T) = limy o 16, (T) and so (5.51) contains only one integral.

5.3 Lifting of Superconformal Primaries

In this section, we present the lift of superconformal primaries in the D1-D5 orbifold

CFT. We begin by defining these primaries within the N' = 4 superconformal algebra and

describe how the relevant physical states are constructed in the symmetric product theory.

We then explain the necessity of symmetrization across copies and present the lift for this

class of states. The explicit computation of the lift is omitted here for brevity, but all

technical details can be found in our published work [18].

5.3.1 Superconformal Primaries: Definition

The superconformal primaries ¢ of the N' = 4 superconformal algebra are defined, in the

NS sector, by the mode conditions

(5.52)

N | —

Ln’¢>NS = GKTW)NS = Jg’(wz\fs =0, n>0,r=>
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For a superconformal primary of the full theory, these symmetry current modes should be
global modes—for instance, the global Virasoro modes L9 in the untwisted sector are

given by the diagonal sum

N
LY =3 LY, (5.53)

where Lgf) are the modes on the ith copy. A superconformal primary on a single copy
would simply satisfy the conditions (5.52) with the modes on that particular copy. Under
a spectral flow by 7 = —1 units to the R sector, the modes of the supercharges and SU(2)
currents transform as

G~ —>GA

Ar JE—J5, (5.54)

reg 7

and so we see that the superconformal primary conditions in the NS sector (5.52) become

the R-sector superconformal primary conditions

Luld)r = G} ,|0)r = Jlo)r = Joa|o)r = G lo)r =0 , n>0. (5.55)

We note that for the NS and R sectors on the cylinder, fermions have periodic boundary
conditions in the R sector and anti-periodic boundary conditions in the NS sector. Mapping
to the plane reverses these boundary conditions. These conditions dictate that fermions

in the NS sector are half-integer modded and in the R sector are integer modded.

5.3.2 Superconformal Primaries: Building the state

The R sector states that we consider will be in the £ = 1, untwisted sector of the orbifold

theory (states of N singly-wound strings) where one copy (say copy 1) is excited into a

[1](1)

left-moving superconformal primary state |¢)y" ', with the right-moving part being the

) (1](1)

Ramond ground state |0~ . This single-copy superconformal primary satisfies the

conditions (5.55) for the single-copy modes and has dimension hr and charge mg. The
>[ 10)

remaining N — 1 copies are in the Ramond-Ramond ground state [0~, 0~ To avoid
overly cumbersome notation, we will drop the twist-sector label [k] since we consider only

the singly-twisted case at present. Hence, the class of states we consider is of the form
1 ~—\ (1 - A N
@)% = 16,07) 107, 0% 107,008 . (5.56)

In order for this to be a physical state of the orbifold theory, it is necessary to then
symmetrise over the choice of excited copy; with an appropriate normalisation factor this

gives the state

O

_ 1N S ® 6000, évj () (5.57)

z:l J#
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Due to the twist operators in (5.29) acting on pairs of copies and the fact that we are
computing an expectation value, this forces the second twist operator to act on the same
pair as the first in order to undo the twist. Therefore, at any intermediate step of the
computation it is sufficient to work with only a particular ordered pair of copies, with the
final lifting for generic values of N gaining an extra combinatoric factor. With the initial
and final states being of the form (5.57), there are two distinct cases possible when choosing
two copies to twist together. Either both copies are in the Ramond-Ramond ground state
|0=,07) g or one of the copies is in the superconformal primary state |¢,07)z. The former
case would yield an expectation value that computes the lift of [07,07)z ® [07,07)x,
which vanishes since all Ramond ground states are unlifted, leaving terms only of the
latter type. Since we have only singly-wound strings, the first twist operator can only
twist together two of these to form a doubly-wound component string (and cannot break
apart component strings). This ensures that the covering space necessary to resolve the
twist operators in the correlation function (5.29) will have genus 0.

We now discuss the combinatorial factor necessary for obtaining the general N copy-
symmetric result of the lift. For the untwisted-sector state we consider, in which only
one copy is excited, there will be a nonzero expectation value only when the first twist
operator acts on a pair of copies that includes an excited copy. The second twist operator
then has to act on this same pair in order to untwist them. The ‘diagonal’ terms are
expectation values where the final state has the same copy excited as in the initial state.
There are N different copies that could be excited and then N — 1 choices of the second,
vacuum, copy. Thus there are N(N — 1) diagonal terms. In our notation, these would be
of the form E((iz))(i) for some 1 < i < N. The ‘off-diagonal’ terms have, for a given choice
of excited copy in the initial state (/N choices), a different copy excited in the final state
(N — 1 such choices). These choices of excited states then force the respective choice
of vacuum copy in the initial and final states. Thus there are N(N — 1) off-diagonal
terms. In the notation above, these would be of the form E((f))(i) for ¢ # j. In both cases
the remaining N — 2 vacuum copies are spectator copies, playing no role in the lifting
calculation. Along with the normalization factor in (5.57) (for the initial and final states),

the total lift is then given in terms of the two-copy lift E((f)) (1)(<I>) as

E® (9) = <\/1N> (N(N — 1)+ N(N — 1)>E((f))(1)(<1>) = 2N = 1)E{ () . (5.58)

We will proceed by computing the contribution to the lift from the particular diagonal
term E((f))u) and then will use (5.58) to get the full lift.”

8We note that while permutation invariance dictates that each of the diagonal terms E((f))(i) will

contribute the same amount to the lift, and likewise for each of the E(?))(Z. i) at this stage it is not at all
clear that a diagonal and an off-diagonal term will contribute equally. This will be addressed at the end
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5.3.3 Superconformal Primaries: Simplifying the set

We now give some comments on single-copy superconformal primary states that will
significantly narrow down the possible values of dimension and charge that need to be
considered. Our comments will be in the language of the NS sector, but these can all be
mapped to the Ramond sector. Initially it appears that we can have arbitrary left-moving
dimension h and J§ charge m for the untwisted-sector state where one copy is excited
to a left-moving superconformal primary and the remaining N — 1 copies being the NS

vacuum. However, this turns out not to be the case. Consider the norm
2
7500 = 0. (5.59)

for n > 0, which is positive definite in a unitary theory. From the commutator (B.2b) and

the definition J¥ = J! +4J2 we find that for a superconformal primary

0< (9, T2, 19) = (9|(Nn — 2J3)19) , (5.60)

where we have used the conditions (5.52). For |¢) being a state on a single copy (for which

N = 1) with a J3 charge of m, (5.60) then gives the set of constraints (one per value of n)

m <

n
R (5.61)
Specifically, the most stringent constraint comes from n = 1 for which we find that m < %
Since the action of the modes Ji, which act as raising and lowering operators for the
eigenvalue of J& within an SU(2);, multiplet, commutes with the superconformal primary
conditions (5.52) the constraint (5.61) must be satisfied by all members of an SU(2);,
multiplet. Labelling such multiplets by the eigenvalue of the SU(2); quadratic Casimir j,
since the range of m within a given multiplet is m = —j,—j + 1,...,j — 1, j we see that
there are only two possibilities. Single-copy superconformal primaries are either in j = %
or j = 0 multiplets.

From (5.60), for a single-copy superconformal primary with m = % we find
(O|Jy Jhlg) =0 = Jh|$)=0. (5.62)
The state |¢) thus satisfies

G _1le) = ¢) =0, (5.63)

+ _
J_]_,GA',%

which is exactly the condition for |¢) to be chiral. Since chiral primaries are unlifted,

this leaves us simply with j = 0 multiplets. It should be noted that this argument only

2) (2)
1

of the computation of E(( 0 in Section 5.3.4, with its equality to E(g)u) explicitly shown in [18].
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holds true for superconformal primaries on a single copy, i.e. when ¢ = 6. For instance, in

higher twist sectors it is possible to have superconformal primaries with higher values of j.

5.3.4 Lift for superconformal primaries

Using the method described in Section 5.2 yields the diagonal two-copy contribution to

the lift
N7 T(2h)
o ®) = S T

(5.64)
As discussed in Section 5.3.2; all of the diagonal two-copy contributions of the form E(%)(Z.)
will be equal due to permutation invariance. Using the relation (5.58), the full lift is then

given by
\272 T'(2h)
22h-1(h)2 -

E(®) = (N —1) (5.65)

The lift (5.65) interestingly does not depend on other details of the superconformal primary
¢, just its dimension and charge. From a technical perspective, this has happened simply
due to the choice of state (5.57) — specifically due to only exciting one copy above the
Ramond ground state. Because of this, in the end we are left with a two-point function
on the covering space, which does not depend on the details of the state. If more than one
copy in the initial and final states was excited with the superconformal primary ¢ then
there would be contributions to the lift where the first twist operator acts on two excited
copies. These contributions would then yield a correlation function on the covering space
of the schematic form ~ (¢T¢Tpp) and hence the lift would depend on the details of the
state.

One existing data point that the general formula (5.65) can be compared to was
computed in [82]. In that paper the lifting of all states at level 1 was computed for the

case of N = 2. One of these states is the normalised Ramond-sector state
=y Mg~ P0m, 075107, 07) %) (5.66)

The superscript (A) denotes that these modes are anti-symmetrised over the copies in the

state, 7.e. in this case of N = 2
gt = do A — oA (5.67)

The state (5.66) is the lowest-weight state of a short multiplet at the free point, which is
then lifted at second order in A. In total, four short multiplets of the free theory combine
into a long multiplet of the deformed theory, for which the computed lift is E? = 72\2,
The state (5.66) is the bottom member of this long multiplet, with the lowest A charge of

—1. While not being of the form (5.57) of states we consider here, it can be related to
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one by adding a global mode excitation (and normalising) to get

~ 1 7/ ~ ~ 1 (1) 4—(1 —(2) 4—(2 — oM a— A= (2
B =5 (199 +16)9) = 5 (Ve a0 0910, 0
(5.68)
where these global modes are defined analogously to (5.53). It was shown in Appendix D
of [82] that such global modes are not lifted and so the lift of the state (5.68) is simply
that of (5.66) multiplied by the extra normalisation factor for both the initial and final
state: that is E@(¢r) = sm2X\%. The quantum numbers for the R-sector state (5.68) are
hp =23

5, mg = —1. Spectral flowing to the NS sector using (B.15) with n = 1, we find

- L) =) @ 4@ |y @)
Bn — 55 (VY + P )00 (5.69)

with dimension and charge (h,m) = (1,0). From (5.65) we then find

o 1 212
, \NZQ = 5mA, (5.70)

in agreement with the prediction from [82].
£2)
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Figure 5.3: The second-order energy lift (5.65) for states of the form (5.57), with N = 2,
as a function of the superconformal primary’s dimension h. The plot shows the behavior
of the lift for large h and an asymptotic v/ behavior is observed.

It is interesting to consider the large-dimension limit of (5.65). The asymptotic
behaviour of the lift (5.65) can be easily found (see Figure 5.3 for a plot of the lift in the

case of N = 2); using Stirling’s approximation for the Gamma functions, we find

B (®) ~ Nrivh+ 0(h7?) . (5.71)
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An interesting observation is that all previously computed examples of lifting in the
literature for which the large-dimension regime is accessible also have a v/h asymptotic
behaviour [79,83]. This functional behavior appears to be a universal property of lifting

of D1-D5-P states, although with variable powers of 7 in the prefactor.

5.4 Lifting of Superconformal Descendants

In this section we will consider the lifting of descendants of superconformal primaries
on a single copy as done in the previous Section 5.3. More precisely, let the state |¢)
be a superconformal primary on one copy of the seed ¢ = 6 CFT, then |¢) satisfies the
conditions (5.52). Descendants of this primary are then found by acting with negative
modes of the N' = 4 superconformal algebra given in Appendix B.1.1; namely acting with

the current modes

{L_n e Gg{_s} , (5.72)

forn > 0and s > % In actual fact, it is enough to study the lifting of descendants formed

from acting with J and G modes.

5.4.1 Superconformal Descendants: Definition and states

Specifically we consider the following states

« 1 (e% «
’G@A(h’s) - \/§<GA(,1_)S‘¢>(1)‘ONS>(2) + GA(,Q_)S‘ONS>(1)’¢>(2)> ’
1
[ T8) () = ﬁ(ﬂé”r@‘”mm%” - Jf£2>!0Ns><”|¢>><2>) , (5.73)

where ¢ has conformal dimension i and J§ eigenvalue j = 0 and the factor of % is a copy

normalization. The respective bra states are defined as

1
s (941 = \/§< W01Vl + @l <orcg{§>> ,
_ 1 B )
901 = 5 (201617 + 26l B0l (574

where the Hermitian conjugate state of |G¢) should have opposite quantum numbers

a
(see B.1.3 for our conventions). while thesé1 (ggtes are not currently normalized on an
individual copy, this is taken into account in the lift formula (5.29). Since the method of
lifting used here is for D1-D5-P states, the right-moving part of the states is necessarily the
NS vacuum on all copies. The lift of single-copy superconformal primaries was previously

computed in closed form in the previous section 5.3. The norm of our descendant states
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can be found from the correlator

a o 1
(h,s)Bﬁ<G¢’G¢>A(h,s) = epie’ (32 1 + h) ; (5.75)
and
o (TOLTO) Gy =10, (5.76)

where the quantum numbers of the conjugate state need to be opposite to the ket state and
appropriate negative signs added as per the conjugation conventions of Appendix B.1.3.
This definition of the Hermitian conjugate state should also be enforced on the final state

of the amplitude (5.78) in order for it to be related to the lift of a particular state.

5.4.2 Lift for G descendant: |G¢>j1“(h 9

In this section we compute the lift of the superdescendant ]qu&(h 9" From Section 5.2

the key quantity we need to compute is the left-moving amplitude
AR (wnywn) = (9IG (GF o0 )(wo) (G _yof )(w) GY_l6) . (5.77)

where we have taken the descendant excitation to be on a definite copy, namely copy 1,
for both the initial and final state. The strategy for computing this amplitude follows
closely the method developed in [20], with modifications to accommodate the fact that we
work with a general superconformal primary |¢), without specifying its explicit form. We
omit the intermediate steps of the calculation here and refer the reader to our detailed
exposition in [19].

The left-moving copy symmetric amplitude required for the lift of the state (5.73) is
then given by

Ah,s (w7 O) = (h75)§<G¢‘ (Gt7_%05) (w) (GI_V_%O';) (O) |G¢>%(h,s)

Y (w,0) + A2V (w, 0) (5.78)

where we have used that A®® = AWD gnd AMR = AGD on general symmetry

grounds. The amplitude A®® can be obtained from AM® via the continuation

AP (,0) = AP (w + 273, 0) | (5.79)

s

which has the effect of interchanging the role of the two copies that the upper oy twists.
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The lift is then given by

)\2 2m _
E<2><|G¢>3(h s)) S Tim [ do Ay (w,0) coth(%) , (5.80)
’ o —o0J0
1650
where w = % +i0 and w = % —to with T" — oo on this contour as given in (5.34a).

Note that of the three integrals in (5.34) it was argued in Section 5.2 that I, gives
a vanishing contribution to the lift and for the states considered here we find that
limr_ o Iy (T) = limp_,o I, (T') and so (5.80) contains only one integral. We now present
plot of the lifts of different descendants.

ERN(GY) L (1,4) /N
L
75+ o0
70+
6.5
6.0 -

55

50
e
5 10 15 20 25
s+1/2

Figure 5.4: Plot of the lifts £?) (|G<]§>i(1,s))/)\2 for varying s. The plot fits to the curve:

3.5043 + 1.45554, /s + 1/2 — 0.114676(s + 1,/2).
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20 - o ® o ®
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Figure 5.5: Plot of the lifts £() (|G¢>i(h,1/2)>/)‘2 for varying h. The plot fits to the curve:
—0.707422 + 5.7688v/h — 0.0167021h.
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Figure 5.6: Plot of the lifts E(2)<|G¢>i(h,h—1/2)>//\2 for varying h. The plot fits to the
curve: —1.52527 + 6.68922v/h — 0.104878h.

5.4.3 Lift for J descendant: \ng}z?m)

In this section we consider the lifting of J* descendants of a superconformal primary state
|¢); the copy-symmetric state is defined in (5.73). The lift of these descendant states is
amenable to the same method used in Section 5.4.2.

As in (5.78) the copy symmetric amplitude is given by

Ana(w,0) = (0 (JOI(CT 105 ) (w)(G 105 O)1TD) .0

1 & )i
=5 Z A,in (w,0)

1,j=1

= AW (w,0) + AP (w, 0) (5.81)

with AW given in terms of AMW by (5.79). The lift is then given by

7T2 2

)\ _
EQ)(U@%) =" _lim [ doAyn(w,0)coth(Z), (5.82)
(h,n) ‘|J¢>(+h7n)‘2Taoo 0 (2>

where w = £ +i0 and w = T —io with T — oo on this contour as given in (5.34a) (noting

again the comments below equation (5.80)).
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Figure 5.7: Plot of the lifts £ <|J¢)an))/)\2 for varying n. The plot fits to the curve:
3.79158 + 1.39824/n — 0.109782n.
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Figure 5.8: Plot of the lifts £®) (|J¢)(+h71))/)\2 for varying h. The plot fits to the curve:
—0.820134 + 5.85066v/h — 0.0292201h.
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Figure 5.9: Plot of the lifts E(Q)(|J¢>ayh))/)\2 for varying n. The plot fits to the curve:
—1.35675 + 6.61605vh — 0.0935374h.
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5.5 Analytic form and asymptotic behavior

In the previous section, the lift of descendant states was computed via a six-point function
on the covering space, requiring mode expansions and resummation of series using the
N = 4 algebra. However, this state-by-state approach is ill-suited for analyzing asymptotic
behavior at large dimension or understanding how lifts depend on the distribution of
dimension among current modes. To address this, in Section 4 of [19], we employ a method
based on contour integrals and Ward identities, allowing us to derive compact analytic
expressions for the lifts in terms of finite sums suitable for asymptotic analysis. Here, we
present a schematic representation of the method in Figure 5.107, the explicit result and

analyze its asymptotic behavior.

t + (4. t JH(ts)
SRR CP
* % %

e
Gi(t) Gi(t)
J~(ts) * J(ts) *
B(00) A B(00) 4 I
t t T (ts)

#(0) ()

Figure 5.10: The general idea in deriving |.J gzﬁ)?}l’n) lifts using Ward identities is to start
with the correlator (5.81) containing different insertions on the t-plane. Moving clockwise
in the figure, trivially rewrite the field J*(¢3) as a contour integral centered around ¢5 = ¢3.
Unwrapping this contour yields a sum of contours around each insertion on the ¢-plane.
Different terms in the sum evaluate to different correlators one of which is shown as a
4-point insertion. Hence the descendant J* can be removed using this method leading to
a different method of lifting computation.

5.5.1 Analytic expressions

It turns out that the lift is polynomial in h and we find that for a given value of n

B (h)

[ (5.83)

BN 0er) = B(0) |1+ a0

9We move from the w-cylinder to the z-plane and then to the covering space ¢-plane using techniques
present in Section 5.2.1.
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where P,(h) is a polynomial in h of degree 2n — 4 and (x),, is the Pochhammer symbol

['(z+n)
=T 5.84
(@)= (581
The rational coefficients a,, in (5.83) for the first few values of n are
3 3 15 15 105 21
{anZZ} - {47 gv 337 ma ﬁu m7 s } ) (585)

and the respective polynomials are

Py=1,

Py = 8h? 4+ 16h + 41 ,

P, = 16h* + 96h* + 578h* + 798h + 1305 ,

Ps = 128h° + 1536h° + 16976R* + 64608h° + 237920h* + 268512h + 352107 ,

Ps = 64h® + 1280h7 4 22592h5 + 163520h° 4 1077776h* + 3208160h° + 9205198h>
+9091050h + 10377045 . (5.86)

Given the knowledge of the form (5.83) for the lift of the |J¢>E§m) states, we were able to
find that the series method data of Section 5.4.2 for the lift of |G¢>i(h’n) follows a similar

pattern of

(2) _ (2 Pn(h)
s <|G¢>i(h’n>l)) — <¢) [1 o (h+ Dom-1)(h +n* — n)l ’ (587)

where the rational coefficients are

3 15 21 45 165 273

busgb =45, = = — 22 5.88
{buze) {4 16’ 167 256 256 1024 } (5.88)

and by = 0 and P,(h) are degree 2n — 3 polynomials in & of the form

Po=h+1,

Py = 4h3 + 160 4+ 51h + 78,

Py = 8h° + 72h* 4+ 60143 + 2193h% 4 3711h + 4905 |

Py = 128h7 + 2048h5 + 31952h° + 219392h* 4 979664h° + 2908064h2 + 3700845k + 4296180 |
Py = 64h° 4+ 1600h° 4 3995207 4 446320R° + 3690736A° + 19756240h* + 64904013h°

+ 164470575h° 4 176337585k + 185479875 .
(5.89)

We do not, however, have a derivation of this form for the lift of |G¢>i(h’n).
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5.5.2 Asymptotic behavior

In our work [18], as mentioned in the previous section, the lift of a single-copy supercon-
formal primary was found in a closed form—displayed in (5.65)—and it was observed that

in the limit of large dimension the leading behavior of the lift was of the form
B (¢) ~ w222V . (5.90)

This ~ v/h behavior has also been hinted at in computations of lifts for which closed form
expressions are not known, such as in [20] where the lift of states with excitations on one
copy from two bosonic or fermionic modes was computed state by state. Looking at the
lifts of states where one mode had a fixed and small mode number and the other was
varied to, say, level 30 a square root behaviour was observed in the data. It is natural to
then ask more nuanced questions: for a level-n descendant of a primary of dimension h, is
the asymptotic behaviour of lifts the same as that of the primary and is the important
quantity the total dimension h;,; = h 4+ n or are the dimensions of the primary and
descendant excitation treated differently? If the latter case is true, it is interesting to then
ask whether the partitioning of the descendant excitation dimension amongst different
modes is important when it comes to the lift of the state. In this section we hope to
answer exactly these questions.

Since the lifting formula of the descendant state |J gb)z;m) is known exactly, albeit in
terms of finite sums, we may derive a large dimension limit. Namely, consider the large h
regime

h>n~O0() . (5.91)

Here, we find
3
ED(|J¢) ) ~ By e w2 X2 Vh (5.92)

which exactly matches the leading asymptotic behaviour of the lift of superconformal
primaries given in (5.90) and notably (5.92) is independent of the descendant excitation
level n.

It turns out that more can be said about the asymptotic forms of the lifts of the
descendant states J7,|¢) and G% _ |$) that will shine a light on the questions raised at
the beginning of this section. Firs’tly, and most simply, one can argue that the lifts of the
lowest-level descendants (n = 1 and s = % respectively) are exactly equal to the lift of the

primary, ¢.e.

JL(h+3)

X0 (5.93)

2 3
E(2)(|J¢>al)) - E(2)(|G¢>i(h,1/2)) = B, )(¢) =72\
The large h behaviour of these families is thus trivially also equal to that of ¢, given in
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(5.90).
Although the expressions (5.83) and (5.87) are not in closed form, it is possible to find

a closed form for the subleading large h behaviour

E@(| o), 21
(| ¢>(h,n)) ~ 1+ n(n® —1)

T o
E(2)(|G¢>i(h,n)) n(n—1)(2n —1)
Lt NE , (5.95)

where again n = s + % for the G descendant. The subleading term carries information
about the descendant excitation, however, if the asymptotic behavior for large total
dimension hy; = h+n was ~ /A as might be expected, then the subleading corrections
should appear at order 1/h and not 1/h? since for h > n

Vh+n=~ \/E<1 - % + O(h‘z)) . (5.96)

It therefore appears that the dimension of the primary and that of the descendant

excitation are treated differently in the lift.

5.6 Lifting of single-copy two-mode states

5.6.1 The states

In this section, we consider untwisted sector states formed by acting with two modes of
the free bosons and fermions of the orbifold theory on the NS-NS vacuum |O>§\}S) of a single
copy, with all other copies in their ground state. These two-mode states fall into three

classes:

aBB,—maAA,—n|0NS> ) aBB,—md(ié|ONS> ) délfdcjﬂo,\,s), (5.97)

which we define precisely below. We will compute the lifts for these three families
separately.

Two-mode excitations are the simplest non-trivial states, since for single-mode states,
O‘SI)L';’_AONQ and d(_ls)aA|()Ns>, the lift vanishes. In forming copy-symmetric states, a global
mode'’ acts on the global NS-NS vacuum, whose lift is known to be zero [79]. This
cancellation does not occur for states of the form (5.97) or for states built from more than
two modes.

1

Since the lift computation only probes one pair of copies at a time,'" it suffices to

19A global mode acts diagonally across copies, i.e., Oglobal = vazl (’)Sf ), where (97(5 ) acts only on the
ith copy.
HTwist-2 fields in the deformation operator act on a pair of copies, and the expectation value structure
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consider a fixed ordered pair with one excited copy and one copy in the NS-NS vacuum.
As discussed in Section 5.3.2, the extrapolation to general N is then purely combinatorial,
yielding

EY(19)) = 2(N - 1)E@(|9)) , (5.98)

where E?)(|®)) denotes the two-copy lift.

5.6.2 Lifting of |aa)pp g

Firstly we consider the lift of states of the form

1 1 1 2 2
00} .4ime) = 75 (05 @k + 0,0 ) DRI L (599
where the factor of % comes from the normalisation of the state over two copies. The

norm of this state can be found from the following inner product

(m.n) DD Q) B 4 (g ) = mn(GAcﬁBDﬁAchD%n + €AD€Bc€AD€Bc>H [m — 1]

+ 2m2€ABECD€ABECD5m+n7OH[_m — 1] , (5.100)

under the condition that for the bra state in (5.100) to be the Hermitian conjugate of
the ket all SU(2) indices should be opposite to those of the ket and additional negative
signs are included as per the conjugation conventions given in Section B.1.3. In (5.100)

we have used the discrete step function definition

1 forn>0
H[n] = ) (5.101)
0 forn<0

The computation of the lift requires the following left-moving amplitude

AW (ws, w1) = (O] (agij’nagé’m) (Gi_;a_) (w2) (G;_écﬁ) (wy) (agg_ma(ji-"_J |0ns)

(5.102)
where we have chosen all of the v modes to act on copy 1 and have suppressed the SU(2),
indices on the left-hand side for easy of notation. The external states will need to be
symmetrised over copy indices later. Clearly in order to have a non-vanishing initial state
we require the condition

n>0. (5.103)

As described in Section 5.2 the method of computing this amplitude is to map it from

the (doubly covered) cylinder to the (doubly covered) plane, from which we map to the

forces both twist insertions to act on the same pair.
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2

covering space'” in order to geometrically resolve the effect of the two twist operator

insertions. Under these two maps the initial state transforms as

dw d
(0, o ) =i % ST e e 9X g (w3)DX 4 (w3)

BB,—m "Ad,—n o 2 270
9 dZ4 ng o —n
=1 o0 27 27i 24 23 0Xpp(24)0X 4 i(23)
o[ dbydts
= S ) () OX (00X aa(ts) . (5:104)

and likewise the final state transforms as

dws dw
1 1 ; 5 6 mws nw
(Oé(D)D,na(Cé,m)oo - 22 oo Tme e et a)(DD (wﬁ)aXCC(wS)

. dZ5 dZ6 m.n
? i O 25" 25 0X pp(26)0X e (25)
, dts dtg m n

= 22 . %ﬁ Z5<t5) 26<t6) (9XDD(t6)(9XCC(t5) . (5105)
On mapping to the covering space the order-2 twist fields are resolved, leaving behind
spin fields S5 (t2) and S5 (t1) which can in turn be removed by spectrally flowing on the
t-plane by n = —1 units around ¢ = ¢; and by n = 1 units around ¢ = t5. Since the «
modes have no charge under Jg these initial and final states transform trivially under
these two spectral flows. The transformation of the o fields inserted at w; and w, on the
cylinder under these maps and spectral flows are universal to all of our lifting calculations

and thus are packaged into the base amplitude

1

U(wa, wy) = (Ons|o™ (wo)o™ (w1)|0xs) = m , (5.106)

which was derived in [79], along with factors from the transformation of the G modes'.
This leaves the amplitude (5.102) (up to the overall factors described above and the much

simpler right-moving factor (5.31)) in terms of a correlation function of four contours of

12As found in [80] and used in the context of lifting in [79] the covering space map z — ¢ for correlators
containing two order-2 twist operators is given by z(t) = w. The insertions of the two deformation

operators on the plane z; = ¢! and 2z, = €2 are mapped to the points t; = —vab and t = vab on the
cover. Our conventions are that the points z = 0 and z = oo on the first sheet of the doubly-covered
plane map to t = —a and t = 0o on the covering space.

13See Section (4.3) of [79] for a derivation of the transformation factors for the G modes coming from
the two deformation operators under the maps to the ¢t-plane and spectral flows. In total these factors

are [tity(ty + a)(ta + a)(t + b) (2 + b)] 7.
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0X fields and two insertions of G fields

AmmN?{ dtﬁj,{ dtﬁy{ dty [ dty z5(t5)"26(t)"

0o 2m0 Joo 271 27 J—a 27 24 (t4) 25 (t3)"
X (0X pp(t6)0X ¢ (t5) GT (12) G (1) OX p s (£4) O X 4 4 () -
(5.107)

This covering space correlator can be computed straightforwardly by breaking the super-
currents into their free-field boson and fermion representation which for the cases we need
are

GE(ty) =P (t2)0Xp_(t2) , GL(t1) =v " (t)0Xrs (1) - (5.108)

The correlator in (5.107) is then given by

(0Xpp(te)0X e (ts)GE(t2) G (01)0X pp(ta)0X 4 4i(ts)) = f i i [

ECDECD ( 2€AB€AB n €_BEL A€AB B €, BE_A€AB )
(te —t5)% \(ta — t1)2(ta — t3)%  (to — t4)?(ty — t3)* (2 —13)%(t1 — t4)?
( EABEABEC+EC'D EBCEBGEALEAD EACGACEBJreBD )
t6 - tz (ts —t1)2(ts — t3)*  (t5s —ta)2(ts —t3)>  (t5 —t3)2(t1 — ta)?
_€D+ ( €EABEABEc—_€CD i €EBCEBCEA_CAD 1 €ACECACEB_€BD >
T e = )7\ — 00)2(ts — 1) (s —10)2(ts — 1) | (1 — 1)2(ta — 1)?
€BDERD ( 2€AC€ i N €4 Ec_€AC B €4 €C+€AC )
t6 —t4)? \(t2 — t1)2(ts — £3)%  (t5s —£2)%(t1 — t3)* (5 — t1)%(t2 — t3)?
€EADEAD ( QEBCEBC n €p €c_€BC _ €5 ec+630 )]
t6 —t3)2 \ (t2 — t1)2(ts — t4)?> (s —t2)%(ts —ta)® (s — t1)2(t2 — t4)?
(5.

109)

The four contour integrals in (5.107) can then be straightforwardly evaluated, yielding
the amplitude ASL?S). The equivalent amplitude with both the initial and final states
being excited on copy 2 rather than copy 1 is then trivially obtained since by symmetry
A%}T(f) = Ag?,(ll). This then leaves the computation of the amplitudes with initial and
final state excitations on different copies, i.e. AR = AR (again by symmetry). As
explained in [79] these correlators can be obtained by moving one of the deformation
operators once around the doubly-covered cylinder on which the amplitude is defined.
This has the effect of interchanging the two copies that are being twisted together. By
writing the computed amplitude A%?T(ll) back in terms of the coordinates on the cylinder
(we = w,w; = 0) and mapping the insertion of the second deformation operator using

w — w + 27 we obtain Ag?ﬁl). The sum of amplitudes

L & i
Apn(wa, wy) = 5 > Arﬁb)ﬂ{)(wz,wl) : (5.110)



is then the copy-symmetric amplitude required for the lift, where the factor of % comes
from the normalisation over copy indices in the state (5.99). We then obtain the integrated
amplitude X (T') defined in (5.30) by integrating over the insertion points wy,wy. As
argued in Section 5.2, the integrated amplitude can be written as a sum of three contour
integrals Iy, Ic,, Ic, defined in (5.34) with I, having a vanishing contribution. It can
also be shown that for the states we consider limy_,o, I, (7)) = limr o I, (T) and so this
step can be reduced to essentially one independent contour integral leaving

A2

2 _
lim do Ay n(w,0) coth(5) | (5.111)

T—o0 Jo

E(2)<|a04>BBAA(m,7L)> = "O&O&) o ‘2
BBAA(m,n)

where w = £ + ic and w = £ — io with T — oo on this contour. For generic SU(2)
doublet indices on the o modes in the amplitude (5.102) it is not directly related to the
second order lift of a particular state of the form (5.99). Only when the final state is the
Hermitian conjugate of the initial state (as defined in Appendix B.1.3) can we use the

relation (5.111) to obtain a lift.

E®

’0104>++++(1,n)

n

Figure 5.11: Plot of the lifts E® (|aa); 11 (1.n))/A? for varying n. The plot fits to the
curve: —0.0974563 n + 1.28434./n + 3.62389.

ﬂ
N Q) 44+ (2,m)

n

Figure 5.12: Plot of the lifts E® (|aa); 11 (2n))/A? for varying n. The plot fits to the
curve: —0.119293 n + 1.47589./n + 3.71017.
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E®

’0404>++++(n,n)

Figure 5.13: Plot of the lifts E® (|aa) 44 mm)/A? for varying n. The plot fits to the
curve: —0.211721 n + 2.57926+/n + 2.62963.

5.6.3 Lifting of |ad>BB (m,s)

Next we consider the lift of states of the form

1 1 1)aA 2 2)aA
0D = 5 (ah 2 0l A2 RS 512)
where the norm is given by
(m, S)CC <ad|ad>BB (m,s) — =m EBCEBCEMSGADH[m - l]H{S - %] ) (5113)

with appropriate choices of SU(2) indices as per Appendix B.1.3. The computation of the

lift requires the following left-moving amplitude

Ani?gl) (wa, w1) = (Ops] (dgl)éDagém) (G:_éa_> (ws) (G;_;U"_) (wy) (04531])37 - (, ) |Ons)
(5.114)
where we have chosen all of the modes to act on copy 1. In order to have a non-vanishing
state we clearly require
n>0 and s> ; , (5.115)

since the d and a modes commute and so neither should annihilate the NS vacuum. In
mapping to the covering space and removing the spin fields that appear there via spectral
flow transformations, the initial and final states transform similarly to the |a«) states in

(5.104) and (5.105), however, the d modes gain extra factors due to their non-zero charge
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under Jj. The initial state therefore transforms as

o2 - dw dw —mwy —Sw .
(i d®) =i f S S e X () ()

o o o 271

=i S O RN )0 )

271 2m

~if.5f m(%)z sl

2mi J—a 2mi \ dts 24(t4)mz3<t3)s+é

dt4 ]{ dtg (ng) ( 3 — t1>qa 8XBB(t4)7,DaA(t3)

0 270 J—a 2mi \ dis t3 —to 24(t4)m23(t3)8+%

. (5.116)

where the spectral flow transformations were made in the final line with ¢, being the
eigenvalue of J3 for the state created by the fermion mode d*4. Likewise the final state

transforms as

d d
(d&”‘s%% m)oo = 27{ N 7{ 226 s g VP (w6)0X o (w5)

0o 271 211

. d25 dZ6 m S— 2 D
Z?{oo% 27?2 Y (26)0X e (25)

__ s dt5 dtﬁ dZG 5D
n Zj{oo 97 oo 27 25(ts) " 26(t6)" <dt6) Y7 (te)0X e (ts)

L f s [ B 1y (1) (d%) (tﬁ ) DD (£6)0X oo t)

[e%S) 271'2 oo 271 dtﬁ tﬁ - t2
(5.117)

This leaves the amplitude (5.114) (up to overall factors) as a correlation function of two

contours of 90X fields, two contours of ¢ fields and two insertions of G fields

da (A (=1 )"
dte dts | \te — to

x Cj — 2) WP () 0X ot G (1) G (100X (b0 (1)) . (5.118)

AD@) Nj{ d%% dt(”]{ dt4 dits z5(t5)" 26(t6)*~

0o 271 Joo 271 omi J—a 2mi 24(tg)m23(t3)* "

[T T
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This covering space correlator can be computed straightforwardly by breaking the super-

currents into the free-field bosons and fermions via (5.108), yielding

(WP (t6)0X ¢ (t5) G T (t2) G (11)OX p p (ta) ™

e-etesboa

66@ 6AD €cB

(t3)) =

€C_E+B

ete 2084

€cr€op

(ts — ta)*(ts — t4)?

(te — ta)(t1 — t3)

ote 5468

(te —t1)(t2 — t3)

(te —t3)(t2 — 751)_

+

(ts — t1)?(ta — t4)?

_(f6 — 1) (t1 — t3)

B e-etaslog B etPeqp N €CBECE e AP
(ts —t)(ta —ts)  (te —ts)(ta—t1) | (s —1a)?(ta — 11)? | (te — t2)(t2 — 13)
65_€+a6AD 2€6a€AD

+

(te — t1)(t2 — t3)

+

(te —t3)(t2 — tl)_

(5.119)

The remainder of the lifting computation is exactly as described in Section 5.6.2 with the

final lift given by

7T)\2 ) 2m @
jll_rgo ; do A, s(w,0) coth() ,

E? (lad)%h ) = (5.120)

lad)g3

BB(m,s)

Wherew:%—kiaandw:%—

io with T"— oo on this contour and A,, s(ws, wy) is the
copy-symmetrised amplitude defined analogously to (5.110). For generic SU(2) doublet
indices on the o and d modes in the amplitude (5.114) it is not directly related to the
second order lift of a particular state of the form (5.112). Only when the final state is the
Hermitian conjugate of the initial state (as defined in Appendix B.1.3) can we use the

relation (5.120) to obtain a lift.

E(®)

> ) 1,

4 . . - y 5+1/2

0 5 10 15 20

Figure 5.14: Plot of the lifts £(2) (| ad)} T ) )/)\ for varying s. The plot fits to the curve:
—0.0187122(s + 1/2) + 0.590457/s + 1/2 + 4.20151.

76



B2 lad) 77

70

+(N,1/2)

6.5 o ®

6.0 )

551 [ ]

501

45}

40 I I I I I I n
0 5 10 15 20 25 30

Figure 5.15: Plot of the lifts F( (\ad} 1/2))/)\2 for varying n. The plot fits to the
curve: —0.0909845 n + 1.25023+/n + 3. 58201.

Below we do not list the diagonal elements of the lift matrix for large mode numbers of

) o)

of states |a) 444 (mn) and |ad)

because there are relations between the diagonal elements of the lift matrix

et (mos)- These relations force the diagonal elements of

the lift matrix of |ad) 7, ) to be the same as those of |aa); 444 (mn). We study these

relations in Section 5.7.

5.6.4 Lifting of |dd>ﬁBaA

Lastly, we consider the lift of normalized states of the form

1
ddy?Per = — (dQﬁf’BdQ“A 4 d(EZBBd(Eg“A> 10)]0) )

N (5.121)

NS
where the norm is given by

§D~C BaA
v (dd\dd}ﬁ N (ea66766A360D5T+571 — eaveﬁ‘seAceBD(Sm

(r,s) (r,s)

+ e eMepepcH|r — ;DH[S —1], (5122)

with appropriate choices of SU(2) indices as per Appendix B.1.3. The computation of the

lift requires the following left-moving amplitude

AL (wy, wy) = (O] (AP AINC) (G:_éo> (ws) (Gﬁ_%a*) (wr) (dWPdD ) 0,5)
(5.123)
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where we have chosen all of the modes to act on copy 1. In order to have a non-vanishing

state we require

5> (5.124)

l\.’)\r—\

In mapping to the covering space and removing the spin fields that appear there the initial
state transforms as

(1)BB ;(1)aA _ dw4 d’LUg —Trwy4 ,—SW BB aA
(d_r d=s )f 7{00 2m1 %oo omi © e YT (wa) g (ws)

dZ4 d23 7'r7% —S— 2 BB aA
= f o T T B () ()

. dt4j{ dtg dZ4 ng % ¢BB<t4)77Z)aA<t3)
0 2mi Joa 2mi \ diy dt3 z4(t4)”+%z3(t3)5+%

g e e oz Y (1= 0 Y 1y = 0 Y 7P (100 1)
—a 2Tt J—a 2m1 dt4 dts ty — to t3 — 19 Z4<t4)T+%Z3(t3)S+% ’

(5.125)

where the spectral flow transformation was made in the final line and ¢, and gg correspond

to the values of the J3 charge of d*4 and d* f respectively. Likewise the final state
transforms as

d d
(a0 = o $. e 0P o) )

211 i

d d rfl s—
= § ) TR ) )
dts  d , dzs\? (dz)?
- f 5 f st (52) () v

s f{ dt57§ dts <dzﬁ>é<dz5>§<t6 - t1>q5<t5 — 251>q7 PP (L)€ (ts)
0o 271 Joo 21 dtﬁ dt5 te — 1o ts — 1o 35(155)%_7‘26(756)%_5
(5.126)

This leaves the amplitude (5.123) (up to overall factors) as a correlation function of four
contours of v fields and two insertions of G fields

1 1 1 1 1 1
Ap o f S e ity 25(ts) "2 26(t) "2 (2o \* (dz\* (d2g ) [d2g)?
00 270 Joo 21 J—a 21 Joa 20z, (t4) 2 25(t5) 5 2 \ dts ) \dts ) \dts) \dts

12}
S e et ) R O B e O
(5.127)

This covering space correlator can be computed straightforwardly by breaking the super-
currents into the free-field bosons and fermions via (5.108) and using the fact that the

only bosonic fields in this correlator are from the supercurrents and so they must Wick
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contract together. The correlator is then given by

(0 10)07 ()G ()G ()0 ()0 (1) = [
0 AB o (B+ea—AB T B—eAB

ty —t3)
cD

(ta —t1)(
AB aﬁ

6_t5
€€

B (ta — ta)(t1 — t3) *

€BCE,B’}/EoszAD

(t2 — t3)(
AC’ a'yeﬁ BD

ty — t4)

t6—t2 (ts —t1) 754—153)

(ts — ta)(t1 — t3) "

EBceﬂ'yea—i- EAD

(t5 — t3)(t1 — t4)

t6 — 1
BDGB(S

(ts — ta) 754 — t3)
AC €Y

(ts — ta)(t2 — t3) -

ea—i— €1 EAC

(t5 —t3) tz —ty4)

€@ E'y—i- AC

6_t4 2—t1 Z55—?53)

AD a5

(ts — t1)(t2 — t3) "

66+€waBC

(ts — t2)(t1 — t3)

65 erte BC

ot — 13

e )
(25 Saa)
= |
= )

] |

(5.128)

+ +
(to — 751 t5 —ty) (s —t1)(ta —ta)  (t5 —t2)(t1 — t4)

Again, all of the remaining steps in the lifting computation are identical to that described
in Section 5.6.2

2 _
do A, s(w,0) coth() , (5.129)

where w = % +i0 and w = % — 4o with 7" — oo on this contour and A, s(ws,w,) is the
copy-symmetrised amplitude defined analogously to (5.110). For generic SU(2) doublet
indices on the d modes in the amplitude (5.123) it is not directly related to the second
Only when the final state is the
Hermitian conjugate of the initial state (as defined in Appendix B.1.3) can we use the

relation (5.129) to obtain a lift.

order lift of a particular state of the form (5.121).

E2) o
B |dd) (372.5)

s+1/2

Figure 5.16: Plot of the lifts £ (|dd>’372’ 9 ) /A? for varying s. The plot fits to the curve:
—0.41026 (s + 1/2) + 3.406654/s + 1/2 + 0.216748.
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5.7 Relations between lifts

From the low-level lift matrices in our work [20], it is clear that there exists some patterns
and symmetries in the lifts of these families of two-mode states. In this section we explore
some of the relations between lifts of the states considered in Section 5.6 that emerge

from the action of the NV = 4 current algebra modes.

5.7.1 L_; relations

We first consider the relations between lifts due to the action of the stress tensor mode
L_; on the initial and final states in the amplitude in (5.30). In what follows, we show
that there exist a set of simple relations between the lift of a state and the lift of its L_;
descendant involving only a multiplicative factor.

Let us consider a state |¢) and its L_; descendant [¢)) defined as'*

¢) = L1 [¥) (5.130)

where |1¢) has conformal dimension h,. The stress tensor mode can expressed as a contour

integral of the stress tensor field 7'(w) around the cylinder as
1 -
L= — fdw T(w)e™ (5.131)
2me

which we will use in the amplitude required in the lift (5.29) (this was defined as X (7") in

(5.30), however, in this section we will use the notation A(¢))

A(9) = (@] [ s Dlws, @) [y Diwr, 1) 10)
= (Y| L /dezD(wz,u?z)/delD(wl,wl)L,ﬂw . (5.132)

The general steps in the derivation of these relations between lifts is given pictorially in
Figure 5.17. As shown in Figure 5.17(a)-(c), the first step is to deform the L_; contour
in the amplitude (5.132) which yields a contour encircling the first deformation operator
insertion and one wrapped around the cylinder between the two D insertions. We now
show that the first of these terms actually vanishes. The contour integral I, of the stress

tensor around the insertion of D(w;) can be evaluated by using the OPE

D(wy) n Ow, D(w1)

T(w)D(wy) ~ (w—w)?  (w—w)

+reg , (5.133)

140One subtlety here is that the descendant state we actually consider is the single-copy descendant
|¢><1>|0>§3S> = L(j{|w><1>|0>535), however, in this case this is exactly equal to a global L_; mode acting on
) = |1/)>(1)|0>S\,25). This fact is the reason that we consider only L_; modes here.
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Figure 5.17: The general tactic in deriving these relations between lifts will be to start
with the correlator (5.132) containing descendants of |¢)) as initial and final states (a),
deform the contour of the L_; mode through the insertions of the deformation operators
(b)-(d) and then commute the L_; mode with the L; mode from the final state. This
leaves (up to constant coefficients) a correlator that computes the lift of the state |¢)
(e) and one that computes the lift of the state Li|¢) (f). We have suppressed the trivial
right-moving part throughout.

yielding

1
I, =— delf dwe™ T(w)D(w)

271

~ L ftun f dwes (1w ) TD00)

— 271Ti/d2w16“’1 721 dw<( D(w) + O D(w1) __Dfw) )

w—w)?  (w—w) (w—w)

= /dzwle_“” <8w1D(w1) — D(w1)> =0, (5.134)

where (5.133) was used in the third line and the final integrand is simply a total derivative
of e7* D(wy). This argument can be exactly repeated when deforming the L_; contour
past the D(ws) insertion. The correlator (5.132) containing descendant initial and final

states is thus equal to the correlator represented by Figure 5.17(d), i.e.

A(d) = (| L L, /d2w2 D(ws, 73) /d2w1 D(wy, @) &)

= (0] (2hy + L) [ dunD(ws, ) [ dPwDws, ) ) (5.135)

where the two terms in the last line are displayed in Figure 5.17(e) and (f). If the state
1 is chosen to be a global conformal primary (that is L;|¢)) = 0) then the second term
in (5.135) (depicted in Figure 5.17(f)) vanishes and we are left with a relation between
amplitudes given by

A(p) = 2hy A(Y) . (5.136)
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Promoting this relation between amplitudes to a precise relation between lifts is discussed
in Appendix B.5 and we will do this for some explicit cases in Section 5.7.3 using the data

of Section 5.6.

5.7.2 Gﬁ’ . relations

It turns out that very similar relations also exist between a state |[¢)) and its G_; /2
descendant. Much of the derivation follows along the same lines as in Section 5.7.1 with
some added complexities from there being multiple choices of G modes. Again, we show
that there exist simple relations that link the lifts of different two-mode states of the kind
discussed in Section 5.6. One key difference with the relations of Section 5.7.1 is that
these relate the lifts of states in different families (i.e. between the ar, ad and dd families
of states).

Let us consider a superdescendant of a state W}, defined as
[0)% =G4 _11v) . (5.137)

where [ ) has dimension hj and J3 charge m; and the G mode can expressed as a contour

integral of a G field as

1

_1
G ap = 5 72 dw e~ G (w) | (5.138)
where the contour C wraps the cylinder at a fixed 7 coordinate. Then the amplitude

(5.30) we wish to compute for the lift (5.29) is

AF6) = (0] [Py D(ws @) [ dPun Dlwn,1)(6)5

= <1E ‘GﬁB,l/Z /d2w2 D(”LUQ, ’LDQ) /d2w1 D(wl, w1> Gi7_1/2‘1;> y (5139)

where it is understood that once a choice of the state (5.137) is made, the bra state in the
amplitude (5.139) is fixed to be its Hermitian conjugate. For now, however, we keep the
indices of the G modes unfixed. Following the same steps as displayed in Figure 5.17 the
contour of G%(w) (defined in (5.138)) that was acting on the initial state in Figure 5.17(a)
can be deformed through the two D insertions, with the terms containing contour integrals

I of a G field around a D insertion vanishing (see Figure 5.17(b) for one of these terms).
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The first of these terms, around D(w), is given by
g = = /d2w }[ dwe 2" G° (w)D(w)
A 2mi ' Cuy A '

o 1 2 —Llun = (_1>k k ~o
—Tm/d wy e 2 ]{Cy)ldwz ] (w—wy)" GG(w)D(wy)

Ly N ( D" o
_ /dzw e~ 3w k S Gy 1 D(wn) (5.140)
where the contour C,,, is centred around w; and in the last line we used that on such
contours the modes on the cylinder are defined as

G .= dw (w — w1)5+2 G5 (5.141)

As Cur i

As stated in (5.28) the deformation operator can be written in multiple equivalent ways; to
analyse (5.140) further it is simplest to choose the representation of D containing a twist
operator with SU(2), index equal to that of the G§ .
T2

state (5.137). For instance, for the choice o = + the integral (5.140) becomes

. mode of the starting descendant

> (—1
]z CDG_’ %/de e_%wl (-1 G+k %GE7_%0;+(M1,Q1)
k: 0
- (—1)’“ - S Gt 3wy, W
G ({Ghy oy} + 6oy Gy ot )

k=0
= -G /d2w e 2w i (-1)* kJP |+ Ly Jogt(wy,w;)
A-1 1 = ok k-1 k=1 |09 1, Wi
_ 1
= —Gg,,% /d wy e 3 [L 1— Q(JS’ + LO)] (wq, 1)
_ 1
= _GX,_% /d2w1 @_%wl (awl — 2)0;+(w1,w1) =0 s (5142)

where in the third line we use the fact that o5 * is chiral and in the forth line we use that
it is killed by positive J? and L modes. The integral (5.142) vanishes since the integrand
in the final line forms a total derivative. The argument for the case of I'; follows almost
identically using the representation D(wy,w;) = eCDGJCTﬁ%C_?Bﬁ%JZ__(wl, w ) instead. We
thus conclude that terms of the form shown in Figure 5.17(b) with a G contour encircling

the insertion of a deformation operator vanish. This leaves us with the amplitude shown
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in Figure 5.17(d)

Agii(@ = (¥ |G%,1/2G3,—1/2 /d2w2 D(ws, w,) /d2w1 D(wy, 1))
~ ﬂ _ _ ~
= epi(Y |(<0aT)7€WJg + 56@1/0) /d2w2 D(ws, ws) /d2w1 D(wy,wn)|v)
— (DG 1 C / 2wy D(ws, 0s) / 2wy D(wr, )| (5.143)

where the two terms in the last line are those displayed in Figure 5.17(e) and (f). If the
state 1 is chosen to satisfy G%’% )} = 0 then the second term in (5.143) vanishes and we
are left with a simple relation between amplitudes. Clearly to relate the amplitude (5.139)
to that required in the computation of lifts it is necessary for the quantum numbers of the
G mode in the bra state to be opposite to those of the G mode in the ket (an additional
overall negative sign may also be required as per the conjugation conventions given in

Appendix B.1.3). With this being the case our relations read

A (0) = KRAW) (5.144)

where

o B (e} (0%
KgA =€54 <m$<03>7€7 —+ h{ljeﬁ > . (5145)

5.7.3 Using lifting relations to perform checks

We will now use the above-derived relations to explain some of the symmetries and
properties of the lifting matrices computed in Section 5.6. Let us begin by showing the

lifting matrices of the various states. The |aa) 14 (mn) lift matrix is:
increasing n

w2 w2 9n? 1972 504572 1037772 4246972 =
2 2 16 32 8192 16384 65536 =
a
&
2 1972 92 256972 1077572 4446972 22771x2 =
2 32 16 4096 16384 65536 32768 7
3
972 9n2 269772 500172 4420572 2306172 2427597972
16 16 4096 8192 65536 32768 33554432
1972 256972 500172 9275172 4255572 4779834972 9936810172 (5 . 146)
32 4096 8192 131072 65536 67108864 134217728
504572 1077572 4420572 4255572 20059261572 18306772572 159726192572
8192 16384 65536 65536 268435456 268435456 2147483648
1037772 4446972 2306172 4779834972 18306772572 335195310372 152495172972
16384 65536 32768 67108864 268435456 4294967296 2147483648
4246972 22771x2 2427597972 9936810172 159726192572 152495172972 4447274494817

65536 32768 33554432 134217728 2147483648 2147483648 549755813888

The |ad) 14 (n,s) lifting matrix is:
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increasing s

72 2 3572 3772 985972 1017172 33384772 =
2 2 64 64 16384 16384 524288 5
72 1972 1972 128372 1066372 17571172 17996972 Z.
2 32 32 2048 16384 262144 262144 7
3
3372 3972 269772 269772 35826972 36864372 4829021772
64 64 4096 4096 524288 524288 67108864
1772 256372 55252 9275172 9275172 4883378772 9989809772
32 4096 8192 131072 131072 67108864 134217728
893572 1049572 36135572 37864572 20059261572 20059261572 656294970572
16384 16384 524288 524288 268435456 268435456 8589934592
914172 17138172 18415572 24675753w2 20409759372 335195310372 335195310372
16384 262144 262144 33554432 268435456 4294967296 4294967296
20841772 348943m2 4794122972 5014779772 663251050772 680458942172 4447274494817
524288 524288 67108864 67108864 8589934592 8589934592 549755813888
and lastly, the |dd), 5 lifting matrix is:
increasing s
_ 2 2 3372 1772 893572 914172 =
2 2 64 32 16384 16384 =
=
@
il _ 4172 572 1038372 66172 34454572 =
2 64 8 16384 1024 524288 e
<
72 4172 o 295972 1143772 36797772 2328172
2 64 4096 16384 524288 32768
3372 572 295972 - 40920972 2460372 5041279572
64 8 4096 524288 32768 67108864
1772 1038372 1143772 40920972 _ 22162248372 21270039172
32 16384 16384 524288 268435456 268435456
893572 66172 36797772 2460372 22162248372 - 740868871172
16384 1024 524288 32768 268435456 8589934592
914172 34454572 2328172 5041279572 21270039172 740868871172 -
16384 524288 32768 67108864 268435456 8589934592

L_y mode on |aa) 41,1

(5.147)

(5.148)

In the lifting matrix of the states o) 414 (mn) shown above in (5.146) it is clear that

the lifts of the first two states of the top row are both equal to %2 This equality can be

explained by considering the L_; descendant of the level 1 state

By using the relation (B.67) we find that the lifts are related by

Lfaa) iy = 200) i) -
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where on the left-hand side we used the fact that

E®)(a]0)) = E®(19)) . (5.151)
for any constant x.

L, mode on [dd) )y /s

In the lifting matrix of the states |dd) "7~ shown in (5.148) we see that the lifts in the
second and third entries of the first row are equal to %2 This equality can be explained

by considering the L_; descendant of the level 2 state

Loaldd) s pz,172) = 1dd) s o170y + 1dd) 37372y = 1dd) (52,172 (5.152)

where the state |dd>@72_ 3/2) vanishes due to repeated fermion modes. By applying the
relation (B.67) we find that

B (dd)s73:172) = B (14717 - (5153)

We note that for the relation (B.67) to be applicable here it is necessary that the initial
state is annihilated by L,

Laldd)5 2y = V)5 172y + 1) 7o Ty = 0. (5.154)

due to each state vanishing.

G~ 1 mode on @) 44 4(nn)
2

There are also lifts in different families that are equal; by comparing the lifting matrices
(5.146) and (5.147) one sees that the lifts of the diagonal states are equal. We reproduce

the relevant shallow lift matrices below: see
2 9r? 1972 504572
2 16 32 8192
2 972 256972 1077572
2 16 4096 16384

92 9r? 269772 500172 4420572
16 16 4096 8192 65536
2 2
E' )(|aa>++++(m,n)> =A , (5.155)
19n? 256972 50012 9275172 4255572
32 4096 8192 131072 65536

504572 1077572 4420572 4255572 20059261572
8192 16384 65536 65536 268435456
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and

w2 3572 3772 985972
2 64 64 16384

w2 1972 128372 1066372
2 32 2048 16384

332 3972 269772 269772 35826972
64 64 4096 4096 524288
(2) - — )2
E®(|ad) ;) =X . (5.156)
1772 256372 552572 9275172 9275172
32 4096 8192 131072 131072

893572 1049572 36135572  378645m> 20059261572
16384 16384 524288 524288 268435456

This matching of lifts can be explained by considering the superdescendants

G;%‘O‘@>++++(n,n) = 2in|ad) (019 (5.157)

and using the relation (B.71) and (5.151) one finds that

E?(Jad) 7 nn-1/2)) = E?(100) t44(0m)) - (5.158)

Once again, in order to apply the relation (B.71) it was important that the initial state is
annihilated by the current mode in the bra descendant state; i.e. in this case that
G _%|a@>++++(n,n) =0, (5.159)

+,

which is due to the choice of SU(2) indices.
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Relations between lifts of |ad) states

Next we look at relationships between the lifts of the |ozd)“ 5 family of states, as com-
(2) 2.
puted in Section 5.6.3, for which we display a shallow lifting matrlx of ¥ (|ad) {5 ) /A%
2 352 37m? 985972 1017172 33384772
5 64 64 16384 16384 524288
1972 1972 128372 1066372 17571172 17996972
32 32 2048 16384 262144 262144
332 3972 2 2 35826972 36864372 4829021772
2697w 2697w 2CLTVS2 (T
64 64 4096 4096 524288 524288 67108864
1772 256372 552572 2 2 4883378712 9989809772
92751w 927517 200900/~ 29098U9 (7~
32 4096 8192 131072 131072 67108864 134217728
893572 1049572 36135572 37864572 2 2 656294970572
2005926157 200592615 DobaIad (Vo
16384 16384 524288 524288 268435456 268435456 8589934592
914172 17138172 18415572 2467575372 20409759372 2 2
19531 19531
16384 262144 262144 33554432 268435456 332932357332 32’39332733@
(5.160)

This lifting matrix displays some interesting patterns that we will now explore. Firstly
there is the equality of lifts on the diagonal with those on the first off diagonal on the
upper-half triangle. This can be understood by considering the application of two G

modes to a diagonal term (for which s = m — 1) since

G:,f1/2 1/2|O‘d>++ (mm—1/2) — =1iGZ 1/2‘0404>++++(m m) = 2zm|ad)++(m m+1/2) -
(5.161)
We can then use the relation (B.71) at each step of (5.161) to obtain the simple equality

2)(’ad>++ (m,m— 1/2)) - (|Oéd>++ mm+1/2)) . (5.162)

The use of these two relations is justified due to the fact that G~ 1 |ad)++(mm 1/2) = 0
and G+7§ | ) 44 44 (m,m) = 0 and that at each step in (5.161) only one state is created and
hence (B.71) could be straightforwardly applied.

Secondly, there is also a single pair of equal lifts in the first column of the lifting matrix
(5.160) (in black circles) which can be understood from the action of L_; on the level-3/2

state in this family

1|ozd>++ 1,1/2) = |ad)++(2 12) |O‘d>++ (1,3/2) - (5.163)
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The L, relation between lifts (B.67) can then be applied, since the condition Li[ad), " ) ; /5y =
0 holds, yielding

EO(Loalad) ) = B9 (Jod) ) - (5.164)

Due to the descendant state (5.163) being a sum of two basis states the lifting relation
(5.164) cannot be immediately extrapolated to a relation between elements of the lifting
matrix (5.160). Using the identity (B.74) with [¢1) = |ad) [ (5, ) and [¢2) = [ad) [ 39
along with the fact that E®)(¢;;¢y) = 0 and (¢1]¢s) = 0 here, (B.71) then gives

E?(lad);{01/9) = 5 [3E<2>(|ad>++11/2))— <|ad>++(13/2)>1. (5.165)

Using the previously derived relation (5.162) with m = 1 we then obtain

E@(jad) 5 019) = E?(J0d) 1 0)9) (5.166)

as seen from the lifting matrix (5.160).

5.8 Chapter Summary

Understanding the BPS spectrum of the D1-D5 CFT is relevant to identifying and studying
the states dual to microstates of certain extremal black holes. BPS states are classified
very simply at the locus of moduli space where the theory has a description in terms
of a free orbifold theory, in terms of states with purely left- or right-moving excitations
above the NS-NS vacuum. However, away from this special region their classification is
unknown. This is because multiple short multiplets of the free theory can group together
into a long multiplet of the general theory and so ‘lift” Thus, members of those free-theory
short multiplets are not in fact BPS. Progress towards identifying the BPS states that
can be the duals of black hole microstates can be made by looking at the lifting of various
families of states of the free orbifold theory in order to understand general patterns in
which states lift and by how much.

In this chapter, we studied the lifting of various families of D1-D5-P states at second
order in the deformation parameter, focusing on untwisted sector states where a single
copy of the ¢ = 6 seed CFT is excited.

First, we computed the lift for states created by acting with a single left-moving
superconformal primary on one copy. Remarkably, the resulting anomalous dimension
depends only on the conformal dimension h of the primary, and not on the details of
the primary itself. The functional form of the lift was compactly expressed as 272"
multiplied by the reciprocal of the Euler beta function B(h,h) (see Eq. (5.65)). All such

superconformal primaries, provided they are not chiral primaries, satisfy 7 = m = 0. The
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calculation used a hybrid method, combining direct evaluation of twist operator correlators
and the Gava-Narain method, exploiting the fact that the covering space remained genus
zero for these correlators. In the large h limit, the lift exhibits a v/h growth, consistent
with prior observations in the literature [79,83].

We then extended the analysis to descendant states, focusing on two families: descen-
dants created by the action of G4 __ and by J*, modes acting on a single superconformal
primary. The lift in these cases vifas found by expressing it as a finite number of nested
sums, whose structure depended on the descendant level and primary dimension. Explicit
lifting matrices were computed up to level 7, and detailed tables were generated for various
1-parameter subfamilies. Using Ward identities on the covering space, an exact expression
for the lift of J* |¢) states was derived, again showing leading v'h growth in the large h
limit.

Interestingly, we found that the lift of descendant states depends on the partitioning
of excitation energy among descendant modes, with different scaling behaviors even at

3 or m* depending on the mode

subleading orders. For example, the O(h™2) term scales as n
structure. These findings further strengthened the conjecture that lifts universally grow
as ~ v h at large dimensions, but also revealed that the detailed structure of excitations
matters beyond the leading term.

Finally, we studied states constructed from two oscillator excitations on a single copy
of the seed CFT. The lift was computed through contour integrals over the relevant mode
numbers, and explicit values were obtained for many examples, again showing the vh
behavior at large h. These calculations were carried out at general N using a method that
sees only two copies at a time, with the full N dependence reinstated combinatorially.

Across all the studied families—superconformal primaries, descendants, and two-mode
excitations—the large-h behavior appears universal. Although no closed-form expression
was available in every case, the v/h scaling was consistently observed, suggesting a deep

and possibly universal feature of the lifting mechanism in the D1-D5 CFT.
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Chapter 6

The Universality of Black Hole

Thermodynamics

The supreme task of the physicist is to arrive at those
universal elementary laws from which the cosmos can

be built up by pure deduction.

— A. Einstein

Having explored black holes through the lens of string theory—particularly the D1D5
system—we now turn to a potential consequence of this framework: the existence of
horizonless geometries even in the semiclassical regime, and their universal thermodynamic
behavior.

The universal thermodynamic behavior of black holes is often attributed to the presence
of a horizon in the black hole geometry. Bekenstein’s argument for black hole entropy [2]
began with the idea that the entropy of matter falling through a horizon is ‘lost’ to the
outside world. Although using quantum fields in curved spacetime, one can formulate
the field of black hole thermodynamics. Yet this traditional picture, where the black
hole possesses a smooth horizon, leads to a profound conflict: the black hole information
paradox, as discussed in Sections 3.4 and 4.4.

The fuzzball program resolves this paradox by reimagining black holes as horizonless
geometries—microstate solutions that cap off smoothly before a horizon can form. This

gives rise to a new puzzle:

How do fuzzballs—despite lacking a traditional horizon—reproduce the ther-
modynamic behavior that, in earlier derivations, crucially depended on the

presence of one?

This question lies at the heart of recent developments in string theory and quantum
gravity, and understanding horizonless objects like fuzzballs has significant implications

for fields such as astronomy, astrophysics, and cosmology. Within string theory, there
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is compelling evidence that a typical fuzzball’s surface lies only a Planck-scale distance
(Ip ~ 107** m) outside what would have been the horizon of a classical black hole with

the same mass. This means one can consider objects that are extremely compact and ask:

Can we then assert that any semiclassical horizonless extremely compact ob-
ject with a radius approaching that of a classical black hole must exhibit the

thermodynamic behavior predicted by Hawking for a black hole?

The answer is yes, and understanding why this is true constitutes the central focus of

this chapter.

6.1 Extremely Compact Objects

In this section, we outline the structure of an Extremely Compact Object (ECO), assuming
spherical symmetry to leading order. While the ECO’s interior may contain microscopic,
non-symmetric features, we approximate its external gravitational field as static and
spherically symmetric. For simplicity and to highlight universal behavior, we restrict our
attention to the simplest class of ECOs—those characterized solely by a mass M measured
at infinity, with zero angular momentum and charge. We will assume that the mass M of
the ECO satisfies!

M
—>1, (6.2)
mp

where m,, is Planck mass.

6.1.1 Geometric Setup and the First ECO Condition

An ECO is characterized by a radius slightly larger than the Schwarzschild radius corre-
sponding to mass M. In this regime, the surface experiences a strong inward gravitational
pull, making equilibrium configurations impossible for simple matter distributions. The
Buchdahl theorem [84] in 3 + 1 dimensions shows that a static, spherically symmetric
perfect fluid with radius R (with monotonically decreasing pressure) cannot support itself
against collapse if R < %GM .

In string theory, however, fuzzballs evade this conclusion. As shown in [85], the
compact and noncompact dimensions are non-trivially tensored, altering the gravitational

dynamics. More recently, constructions of solitonic stars have been developed in string

'We set the constants as

1
GS\C,D =41 mp = —

d (6.1)
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theory [86-90], allowing horizonless configurations that can be made arbitrarily close to
the Schwarzschild radius.

Our ECO will be described by a radius r = Rgco. We will make no assumptions
about the structure in the region r < Rgco; this can be a region with significant quantum
gravitational effects, non-trivial extra dimensions, solitonic bubbles, etc. But in the region
r > Rgco we require usual semiclassical dynamics to hold to sufficient accuracy for all

our purposes and here we take the metric ansatz in D = d + 1 spacetime dimensions as”
ds? = = at? + 20 ar? 4124032 . (6.3)

The vacuum solution known as the Tangherlini solution [91] of the Einstein field equations,

Section 2.1.2, in D = d + 1 dimensions is

nGM pGMN 1
d82D = — (1 — rd_2 ) dtz + (1 — Td_2> dT’Z —+ T’ZdQZil s (64)
where we define the horizon radius ry by
167
§7% = uGM = :

It is easy to see that this reduces to the familiar Schwarzschild (2.4) for D = 4.
The requirement that the ECO be extremely compact says that Rgco should be only
a little larger than the horizon radius for the same mass M. For the black hole metric
(6.4), we can describe the near-horizon region using Rindler coordinates. We define
d—2 ro(r — 10)

13 =2 —— 6.6

The near-horizon geometry then becomes Rindler space(1,1) x S?1 with the Rindler
metric as in (2.15). We wish to consider ECOs with Rgco slightly larger than ro. To
keep track of physical variables, it is convenient to recast the compactness requirement on

Rpco through the proper radius sgco.” From (6.6) we see that

ro(R -
SECOZQ\/ of 5(?2 0) (6.7)

An ECO is characterized by spco < ro. For fuzzballs, spco ~ [, but our analysis extends

to a wider range, determined later. Note that sgco uses the black hole metric (6.4)

’In this chapter, we consider d > 3. In 2 + 1 dimensional gravity, mass M does not yield an
asymptotically flat spacetime, a scenario excluded from our present discussion and the 1 4+ 1 dimensional
dilaton gravity case warrants separate treatment which we refer the reader to section 7 of [17].

3Adopting a notational convention consistent with the ECO literature, we denote the ECO’s proper
radius as sgco. Similarly, from this point onward we will use all proper distance as s, switching from p;
this is to reserve p for energy densities, explicitly alerting the reader whenever potential ambiguity arises.
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merely to quantify the difference between Rgco and rg, as the actual metric near Rgco
can deviate significantly from the vacuum solution. This leads us to list the first ECO
condition:*

ECO 1: Semiclassical physics holds outside the radius » = Rgco, and this radius

Rgco is close to the horizon radius rg, with
sgco < S, (6.8)

where s. describes the ‘compactness’ of an ECO. We will find for the universality of black

hole thermodynamics to hold, this scale must be

2
M\ @@ T
Se ~ () I, ~ <m> l,. (6.9)
myp L

6.1.2 Gravitational Redshift and the Second ECO Condition

The essential property of a black hole is the infinite redshift that we get at the black hole
horizon. Any extremely compact object that replaces a black hole should be characterized
by a very large (though not infinite) redshift at its surface Rgco. Let us note what the
scale of this redshift should be. The redshift parameter ¢(r) is defined as

1

(r) = ——. (6.10)
! =gy (7)

In the Rindler region, for the black hole metric (6.4), we have

27‘0

q(r) =~ CEDEGE (6.11)

Using the above equation, we can calculate the redshift at the ECO surface r = Rgco.
Since the ECO is required to have sgco < s., we place the following requirement:
ECO 2: The redshift at r = Rgco satisfies

d—1

(d—1)
T M\ @@
q(Rgco) > (TO> ~ () . (6.12)

mp

6.1.3 Minimal Exterior Energy and the Third ECO Condition

It may appear reasonable to require that the spacetime in the region r > Rpco has zero
stress-energy and thus a metric of the black hole form (6.4). But the ECO has in general a
nonzero temperature Tgco, and radiation corresponding to this temperature will fill up the

region near the ECO. We have in mind temperatures of order the Hawking temperature

4A quick implication of this condition follows that we present in A.2.

94



(3.35), and it is true that the radiation energy density at this temperature is very small at
r > Rgco. But the energy density of this radiation can be very large close to Rgco due
to the large redshift in this region, and contribute a total mass that is O(M). Thus we
have to consider the more general ansatz (6.3) for the metric in the region just outside
r = Rpco-

To clarify this point, let us estimate the distance s from the horizon radius ry upto
which this radiation density is appreciable. Suppose the temperature of the ECO as
seen at infinity is Tgco. The radiated quanta suffer a redshift as they move out of the
gravitational potential of the ECO. Thus the effective temperature of the radiation at a

radius r, measured in a local orthonormal frame with time direction along t, is

TECO (T‘) = q(T’)TECQ y (613)

where ¢(r) is the redshift parameter (6.10). Using (6.11) for the value of ¢(r) in the
Rindler region for the black hole metric (6.4), we find that the temperature at a distance

s from the horizon radius rq is

2r
TEC()(S) =~ ( 0 TECO . (614)

d—2)s

Assuming that Tgco is of the same order as the Hawking temperature Ty ~ %, we have

Trcols) ~ - (6.15)

Thus we see that at small s, the local temperature is very high, and in fact this temperature
reaches planck scale at planck distance s ~ [, from the horizon radius. The energy density

of a massless quantum field at temperature T is
p=aT"™, (6.16)

where a is a constant of order unity, depending on the dimension d and the spin of the

quantum field.” This raises a pressing issue:

If there is nonzero stress energy outside Rgco, then how should we capture the

compactness of the ECO through the compactness condition (6.8) on Rgco?

Note that the energy density of thermal radiation will typically fall off as a power law
as we go out from the ECO. Thus we cannot ask that it be exactly zero at some given
distance from the ECO surface, but we can ask that its effects not be relevant if we are

sufficiently far from the ECO surface.’

SFor a scalar field in 341 dimensions, a = g—;.
6There is a singular solution that formally satisfies ECO 1 and ECO 2, but which we exclude from our
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We do this by requiring that outside the compactness scale s., the geometry is close
to the metric of the black hole:

ECO 3: At distances s > s, (6.9) from the black hole horizon radius ry, the geometry
is well approximated by the black hole metric (6.4).

In Section 6.3.4 we will check that it is consistent to impose condition ECO 3; i.e., we
will verify that the stress-tensor of the thermal radiation near the ECO surface does not
significantly distort the black hole metric at distances s 2 s. from the horizon radius 7.

To summarize, the ECO conditions are

ECO 1: Semiclassical physics holds outside the radius r = Rgco, and this radius

Rgco is close to the horizon radius ry, with

M\ T2 ro\ T
Spco K Se,  Se ™ () ly ~ <0) Iy . (6.17)

mp b

ECO 1.1: In the region r > Rgco we must have everywhere

_ pGM(r)

-2

1 >0. (6.18)

rd

ECO 2: The redshift at r = Rgco satisfies

M\ @
¢(Rico) > <TO> ~ () . (6.19)

Ly mp

ECO 3: At distances s > s, (6.9) from the black hole horizon radius rg, the
geometry is well approximated by the black hole metric (6.4).

6.2 The vacuum stress-energy near an ECO

Even at zero temperature, quantum fields in the ECO’s background metric induce a
nonvanishing vacuum stress-energy outside the surface. As we’ll see, for temperatures near
the Hawking temperature, this vacuum energy is comparable to the thermal stress-energy
and thus plays a crucial role in our analysis.

We will begin by recalling the computation of vacuum energy for the Schwarzschild

hole. We will then note that an ECO has, to leading order, the same vacuum energy as

definition of an ECO. As discussed in Section 6.3, this is the so-called ‘truncated isothermal star,” which
consists of an isothermal photon gas in the region 0 < r < R, with the density truncated at r = R. The
energy density and the redshift ¢(r) diverges as r — 0. One could define a surface just outside r = 0 with
large redshift and small radius, apparently satisfying ECO 1 and ECO 2. However, such an object is
not an ECO for our purposes, since the majority of the mass lies outside the high-redshift surface. To
exclude this case, we impose ECO 3.
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a black hole. Taking into account the thermal radiation just outside the ECO, we will

obtain the total stress energy in this near-surface region.

6.2.1 The vacuum stress-tensor near a black hole horizon

The vacuum energy in a spacetime depends in general on the choice of the quantum
state for the fields. In a black hole spacetime, as seen in Section 3.2.3, some commonly
considered states are the Unruh |0),, vacuum, the Hartle-Hawking vacuum |0),,; and
the Boulware vacuum |0) 5. In 3+1 dimensions the vacuum energy for these states was
computed in [92], using methods developed in [93-98]. This computation is in general
quite complicated, but there is a simple way to get the answer for the quantity we need:
the vacuum stress energy for the Boulware vacuum to leading order close to the horizon.

In the Hartle-Hawking vacuum, the black hole is in equilibrium with its radiation. The
geometry is smooth at the horizon, and there is no flux into or out of the horizon. Thus
to leading order the stress-energy tensor is zero around the horizon.” We can understand
this vanishing of the stress energy by going to Rindler coordinates (6.6) near the horizon.
Then the Hartle-Hawking vacuum is like the Minkowski vacuum, which has a vanishing
stress tensor. Now consider the Boulware vacuum |0) ;. This vacuum state is obtained by

requiring
gy |0)p =0, (6.20)

for the operator modes of the massless scalar field. The field in terms of field modes that

satisfy Dqg = ( is given by

o= (aﬂhkfﬁhk@ﬂiﬁu({@}ﬁfm””*t4‘&Lhkfﬁkkﬁﬁyﬁﬁ{®})aw”hkt)' (6.21)
{iTh

To understand the nature of this state, consider the near horizon Rindler region. In this
region the modes fy;x(r) are Rindler modes and the Boulware vacuum is the Rindler
vacuum. In Rindler coordinates, the Minkowski vacuum appears to be populated with
Rindler excitations. Since the Minkowski vacuum has vanishing stress tensor, the stress
tensor of the Rindler vacuum is given by the negative of the stress tensor of thermal
radiation at the Hawking temperature.

The Hawking temperature of the Tangherlini black hole (6.4) at infinity in d + 1

dimensions is

A2
a 47TTO ’

Tw (6.22)

"Here by ‘leading order’ we mean that we are ignoring contributions of order (T* ) ~ 1/ 7”6”1 which
arise from the energy density of quanta with wavelength A\ ~ rg, and terms arising from the anomaly;
these terms are regular at the horizon.
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and local temperature at s in terms of the coordinate r is

Tu(r) = q(r) Tu = ;m, (6.23)

where the final expression is found using (6.11) and (6.22) for the Rindler region. The

stress tensor of the Boulware vacuum is then

T'uu = diag{—p(r),p(r), T ,p(?‘)} ) (6'24)
with
p(r) = —aTu(r)™, p(r) = p(dT) (6.25)

6.2.2 The stress tensor near an ECO

We now argue that for an ECO with Tgco = 0, the stress tensor just outside Rgco closely
matches that of the Boulware vacuum (6.24) and (6.25). The ECO’s compactness ensures
that its exterior modes fj;(r) oscillate rapidly for r > Rpco, enabling the construction of
local wavepackets. These yield a good approximation of the local stress tensor, making
the interior mode structure irrelevant to the exterior stress-energy.

Here we show that a typical scalar field outside an ECO has wavemodes with many
many oscillations mimicking the black hole scenario where a scalar field has infinite
oscillations.

Consider the wavemodes fyy,(r) of a scalar field in the black hole metric in d + 1

dimensions which have the following form

XA}, k(r
faypa(r) = 2550 (6.26)

rz
The functions xgy%(r) satisfy the equation

d2
— =g Xt k(1) + Vers (M)xy a(r) = X 4(r) (6.27)

where r* is the Tortoise coordinate for d + 1 dimensions from Section 2.2.1, w = |k| is the
energy of the wave and L? = [(I +d — 2) with [ =0,1,2,... is the value of the quadratic

Casimir describing angular momentum. The effective potential is found to be

ré”) [(d —1Pr L2 (A - 1)(d-3) (6.28)

Veff(r) = (1 - rd—2 4 rd r2
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In the near horizon region, V.;s(r) — 0, and we have

d2
— g Xp(r) = whxaya(r), (6.29)

+iwr*

which has an exponential solution e . Suppose we look at the region 7o + € < r < 2rq,

for € < 7y or the corresponding range for r*, "% In (%) < r* <0, then the phase of y is

d—2
seen to oscillate a number of times n given by
w To To
N — In{— ). 6.30
"Ford—2 " ( e ) (6.50)

Note that wry ~ 1, since the energy of the typical quantum emitted is of order the black
hole temperature ~ 1/rg. For €/ry small, we find that the number of oscillations near
the horizon is n > 1. As we approach the horizon, we have ¢ — 0 and the number of
oscillations becomes infinite. We depict these oscillations in Figure 6.1(a).

Now consider the computation of the stress tensor for an ECO. We should first expand
the field ¢ in terms of field modes that satisfy ¢ = 0 in the metric produced by the ECO

6= 3 (b g0V (@De 05+ g gy (Vi (D04 ). (63)
{i}.k

Consider the situation where the ECO is at temperature Tgco = 0. Then the quantum
field é will be in its lowest energy state |Vgco rpeo—0) int the background geometry created
by the ECO. This state is described by

B{l}vk |\IJECO,TE00=0> =0. (6.32)

A priori, the modes ggy,x(r) will depend on the metric in the outside region r > Rgco
as well as the metric in the inside region r < Rgco; in fact they are required to satisfy
a smoothness condition at » = 0 which is in the region r < Rgco. But due to the
compactness of the ECO, the modes gy () will have a large number of oscillations ngco
in the region Rgco < r < 2ry similar to a black hole. By condition ECO 1, we have
spco < Se, where s, is the compactness length scale s. defined in (6.9). From (6.30) we
find

w 27

2 70 M M
27 (- 2) In ((d ~3 Sc> ~ wroln (mp> ~ In (m,,) , (6.33)

NEco > ——

where in the last step we have again set wrg ~ 1 since we have in mind a temperature for
the ECO which is of order the black hole temperature. This large number of oscillations
is depicted in Figure 6.1(b). Due to this large number of oscillations of gy x(r) in the
region just outside Rpco, any computation using these modes can be captured equally

well by local wavepackets built from these modes. Thus we can compute the quantity
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Figure 6.1: (a) In the black hole geometry, a wavemode oscillates an infinite number of
times as it approaches the horizon. (b) In the ECO geometry, the wavemode oscillates a
large number of times n > 1 before entering the ECO surface at Rgco.

(WECo Tuog—0] 9(2) 6(1) [WECO Tyuo—o), t0 a good approximation, by using the form of the
modes ggy x(r) in the region r > Rgco. If we assume that this region is just given by
the Schwarzschild geometry (6.4) with mass M, then the wavepackets made from modes
gqye(r) in the region r > Rpco will be approximately the same as wavepackets made
from modes fgy,,(r) in the black hole geometry. In this approximation, we will get the
same value for the stress tensor in the ECO as we had in the black hole. Thus, in the

region r > Rgco, we will have

1%, = diag{—p(r), p(r), -~ ,p(r)}, (6.34)
with

p(r) = —aTu(r)*™, p(r) = (c? (6.35)

6.2.3 The ECO at a general temperature T

As shown above, an ECO at Tgco = 0 exhibits a negative energy density near its surface,
mirroring the Boulware vacuum. This relied on approximating the exterior geometry as
Schwarzschild. We now extend this approximation to ECOs with Tgco # 0, postponing
discussion of deviations from Schwarzschild at r > Rgco to later.

At a radius r, the redshift for an ECO at Tgco # 0 results in a local temperature

Trco(r) = q(r)Tsco (6.36)

where ¢(r) is given by (6.11). This radiation generates a stress tensor of the form (6.34)
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with

YL p(r) = pr) . (6.37)

p(r) = aTgco(r 7

Taking into account the vacuum stress-energy (6.36) and (6.37), we find that, with
the above mentioned approximations, the total stress tensor in the region just outside the
ECO is of the form (6.36) with

) = a (Tggh — TE) a()*' . plr) =27 (6.33)

6.3 Using the Tolman-Oppenheimer-Volkoff equation

In this section, we analyze ECOs with Tgco # Th using the Tolman-Oppenheimer-Volkoff
(TOV) equation, which self-consistently couples the metric to the stress tensor. We
motivate the use of a perfect fluid stress tensor show how the energy density links to
redshift in this framework. The analysis splits into cases with p < 0 and p > 0, paralleling
the Tgco < Ty and Tgco > Ty regimes discussed in Section A.3. We find that the only
non-singular solution in the semiclassical region r > Rgco is p = p = 0, corresponding to
Teco = Ty by (6.38).

6.3.1 Assumptions for the TOV equation

We adopt the spherically symmetric ansatz (6.3) for the region r > Rgco. In the near-
surface region, the high redshift (required by ECO 2) implies a very high local temperature.
Consequently, typical quantum fields with m < m, behave effectively as massless. We

make the following modeling assumptions:

1. Perfect Fluid Form:
The stress tensor of the thermal gas is taken to be that of a perfect fluid aligned

with the ¢, r, and angular directions:
Tr radiation — Qiagl — ot (1), p"(r), ..., p"(r)}. (6.39)

2. Equation of State for Radiation:
Due to the high temperature, the thermal gas satisfies the massless field equation of

state:

p(r) = : (6.40)

3. Vacuum Stress Tensor Form:

In analogy with the black hole case, the vacuum stress tensor near the ECO surface
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is also assumed to have the perfect fluid form:
Tk Vet — diag{—p"(r),p"(r),...,p"(r)}. (6.41)

4. Equation of State for Vacuum:

Following the behavior of the Rindler vacuum near a black hole horizon, we assume:

p¥(r) = : (6.42)

These assumptions are justified by the fact that in the high-redshift near-surface region,
both thermal and vacuum contributions become comparable (see Section 6.2), and both
take the same functional form as in the near-horizon limit of black holes. Since the metric
outside the ECO is not the metric of a black hole, a priori we have to solve the analog of
equation (6.27) for the field modes in the ECO geometry, and then compute the vacuum
stress energy from those modes. This is a difficult computation, and so we assume (6.41)
as a heuristic extrapolation motivated by the properties of the vacuum stress tensor in the
black hole geometry. It is important to note that we are not specifying the value of p¥(r)
for the vacuum stress tensor; we are just assuming that the vacuum energy stress tensor
is diagonal, isotropic and traceless.® The form (6.41) is consistent to leading order
with the expected properties of the vacuum stress tensor. Assuming (6.41), (6.42) for
the vacuum stress energy, the total stress energy (radiation+vacuum) in the near-surface

region also has the form

1%, = diag{—p(r), p(r),p(r),....p(r)}, (6.43)
with the pressure
_p(r)
p="r (6.44)

Our goal now is to solve the Tolman-Oppenheimer-Volkoff (TOV) equations with such a

stress tensor in the region just outside r = Rpco.

6.3.2 Approximating the TOV equation

From the estimates of Appendix A.3, we note that we are interested in the situation where

the stress tensor in the region r > Rgco falls off rapidly with increasing r — ry. Since

8In the Section 7 of [17], we have worked with the 141 dimensional system, where we know the vacuum
energy explicitly in the fully backreacted geometry of the ECO.
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Rgco is very close to the value ry, we will be able to use the approximation
rTry. (645)

in many of the terms in the TOV equation. This approximation will allow us to simplify
the equation. We will find that this approximate equation has no solution which yields
an ECO. We will then re-examine the approximations we made in simplifying the TOV
equation, and find that these approximations become invalid only when we are outside
the compactness scale s. defined in (6.9). Thus we will conclude that if an ECO satisfies
condition ECO1, then there must be vanishing (at leading order) of the stress tensor (6.43)
at 7 > Rgco. As we saw in Section 6.3.1, the vanishing of this stress tensor happens when
Teco = Ty and the geometry in the region just outside r > Rgco becomes the geometry
of the traditional black hole with a vacuum around the horizon.

Before proceeding to obtain the approximate form of the TOV equation valid near
r & ro, we note what is known about the exact TOV equation, for the case where the
stress tensor is given by (6.43), (6.44). The Einstein equations can be reduced to a single
nonlinear second order equation called the Emden-Chandrasekhar equation [99]. This
equation has an analytically known solution which is singular at the origin. For the 3 4 1
dimensional case, the solution has the form.

_ @

p= o 2 = Qqr, € =Q;, (6.46)

where (); are positive constants. The solution regular at the origin cannot be solved
for analytically, but its asymptotic form has been developed as a power series. The
singular solution is discarded when we consider the context of stellar structure, where the
‘truncated isothermal sphere’ can be used to model the core of a star. In our problem, we
have the opposite situation, where the region r < Rgco is a quantum gravitational region
not described by isothermal semiclassical physics, while the region » > Rgco can take the
form of an isothermal region, truncated at some radius r,,,,. Thus the singular solution
(6.46) is also an allowed solution in the region Rgco < 7 < T'mag-

This singular solution shows the relevance of our condition ECO3, which says that there
should not be too much matter far from the ECO surface. Take the singular isothermal
solution (6.46), truncated at some large radius R. Choose a small radius r = ¢, and
replace the singular region in its interior by some unspecified quantum dynamics. Now if
we let Rgco = €, we see that, formally, such a solution will satisfy the conditions ECO1,
ECO2. Condition ECO1 says that rgco be not much larger than ry, and here we have
Rrco = € < ry. Condition ECO2 requires a high redshift at r = Rgco, and from(6.46) we
see that g(e€) = e P is indeed large. But note that almost all the mass of this object is

outside r = Rgco. To exclude such a case from our analysis we had imposed the condition
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ECO3.

While we cannot solve the isothermal TOV equation exactly, we will find that we have
a high energy density in the region very close to r = ry. In this situation we can get an
approximation to the TOV equation that we can solve in closed form, and this solution

will yield a more rigorous derivation of the heuristic estimates of section A.3.

Preliminary steps

For the metric ansatz (6.3), the conservation law 77", = 0 gives

/
a':—i : (6.47)
p+p

where a prime denotes <. Setting p = £ from (6.44) gives us

r

o = — . 6.48
@1 s (0:45)
The solution to this equation is
C
2= 2 (6.49)
|p| 7

where Cy > 0 is a constant.
The Einstein equation Gy = 87GT}, gives the g,, coefficient ¢?*(") through (A.9),(A.10).
From (A.10) we find

M'(r) = Qa1 p(r). (6.50)
With the approximation (6.45), this becomes
M'(r) = Qq_1r&p(r). (6.51)

Approximating the TOV equation

The TOV equation in d 4+ 1 dimensions reads

)= Panon (155) (v e ) (-4

We simplify this equation using the approximation (6.45):
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(a) Using our assumed equation of state p = é p we get

1 1 d—1 1

() =~ )~ o (). (6.53)
(b) We have
p(r) _d+1
1+ o= d (6.54)
(c) We have
16mp(r)rt 167p(r) 1 - 16mp(r) g
M@= @— e =@ - nne) S pda =@ - )i
(6.55)

We also note that if we were to distribute a mass M uniformly over a radius rg, we

would get a density

~ (6.56)

M
Puniform d -
0
By contrast, in the example of section A.3.2, we had taken sgco ~ [,, and found
that the energy of radiation in a planck width shell was also order ~ M. So, in
that example the energy density p(r) near the ECO would be higher than pupiform
by a factor ro/l, > 1. More generally, we assume that the energy density near the

surface of the ECO is much higher than pupniform, Which implies that

M
p~pS>—. (6.57)
70

Thus we make the approximation

167p(r) rd N 167p(r) rd

M@= 2) (=M ~ pd{d=2)(d = 1)M(r)

(6.58)

(d) We have

(1 _ “GM(’")> . (1 - “GM(’")> o (6.59)

rd—2 7,372

With these approximations, and using (6.51) to express p, the TOV equation (6.52)
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reduces to

(1 - W>M"(T) = _2/;6?2 W(M/(T)>2’

In what follows we will call this the approximate TOV equation.

Solving the approximate TOV equation

Let us write

GM(r
u(r)=1-— M?“(‘)Z_Q() :
Then (6.60) becomes
u(ry(r) = D ()

The solution to this equation is
w'(r) = Cyu(r) 2,

and a final integration gives

2d

u(r) = <<d2_d1>03(7“ - m) o

Thus we have

2d

1— Cg(r—r1)> - )

HGM() _ (4=

rg_Q 2d

Range of validity of the approximation

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

We have obtained the approximate TOV equation (6.60) for the near-surface region of the

ECO. This approximation will be good for a range

RECO <r ,S T"maz -
We will now obtain an estimate for 7,4,

1. Recall that in eq. (6.57) we had set

p(r)rg

M(r) >1.
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This inequality is expected to hold close to the ECO surface, since p(r) ~ p(r) ~
TS (r) ~ T (r), and Ty (r) is large near the ECO surface due to the large redshift
q(r).

To get a rough estimate of scales, we use the expression (6.11) for g(r) for the black

hole geometry to get

d+1 d+1 1 To =n 1
p(r) ~T q(r)™ ~ a5 | ——)  ~ = (6.68)
ro® (r—rmo) 2
We also have
d—2 d—2
r T
M(r) ~ M ~ ”7 = 137—1 (6.69)
p
Thus,
p(r)ry i
M)~ o B (6.70)

p(r)rg
We find that M(Tf ~ 1 at

(r — o) ~ (%:) : : (6.71)

ro’

Using the relation (6.6) to write this value of  — r¢ in terms of the proper distance

s from 7y in the black hole metric, we find
s~ ME@H@D], . (6.72)

Thus, we find that for the condition (6.67) to hold, the value of r,,,, defined in
(6.66) is given by the same distance scale s. (eq. (6.9)) that was used to define the
compactness of the ECO in condition ECO1.

. In (6.60) we needed to evaluate the derivative of @, but we approximated this by

M(r).

the derivative of %, thus we were ignoring the variation of the value of r in the

near surface region. Writing

d (M(@) _1dM(r)  M(r)

dr r r dr 72

, (6.73)

we see that this approximation is valid as long as the ratio between the two terms
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on the RHS satisfies

2(r) = (M(T)> (Mj‘gr))_l <1. (6.74)

72 r

Using (6.50) and the same estimates for p(r) that we used for p(r) in (6.68), we find

d+1
—1rg) 2z M
sy~ T T M (6.75)
To”
Thus z(r) ~ 1 at
2 2
’l“g%l d+1 ldfl d+1
(r—mo) ~ M ~ | = : (6.76)
r 2
0

This is the same distance scale that appeared (6.71), so we again find that r,,,, is

the radius given by the compactness scale s..

Thus in the discussion below, we will set

ld—l ﬁ
T'maz —T0 = ( I;_3> . (677)

ro’

Since the radius r ~ 7,4, is at the compactness scale s., we see by condition ECO3 that
the redshift factor at r,,,, must be of the same order as the redshift factor predicted by
the black hole geometry. Thus

d—1 (d—1)
ro\ 1 M\ @2
Q<Tmam> ~ <lp) ~ <T)’lp> . (678)
6.3.3 Analyzing the approximate TOV solution

First, consider the power dQTd1 appearing on the RHS of (6.65). We are considering d > 3.
For d = 3, this power is an odd integer 3, while for all higher d it is a fraction. The LHS

of (6.65) must be a positive real number by the requirement (6.17), so we need
03(7’ — 7"1) >0, (679)

throughout the domain (6.66) where our approximate solution is valid. This gives us two

possibilities, which we study in turn.
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The case C3 > 0, r; < Rgco:

Region of
high redshift

Light cones
pointing inwards

- ..
ro = 2GM: SFo = 2GM,
0 =2GM ;7o =2GMgco
* N imaginary surface whose position
depends on the ECO core mass

Figure 6.2: The argument for an ECO with Tgco < Ty and a surface r = Rgco that is
just a planck length outside the horizon radius. The region just outside Rgco has a large
negative energy density due to the negative vacuum energy. Thus the core of the ECO
(the region depicted with a jagged boundary) must have a mass significantly more than M.
Since the radius of this core is very close to the horizon radius ry for mass M, this core
must be inside its own horizon; this fact is depicted in the magnified region by light cones
that point inwards. Thus such an ECO cannot exist as a time-independent configuration.

One possibility is that we have C3 > 0, and 1, < Rgco, which gives (6.79) throughout the
domain (6.66). Using (6.65) we find

2d
d (d—1) a-1 dt1
_ C — a1 6.80
) =gt (510l) ) (6:80
We see that p(r) < 0. Thus this situation is similar to the case Tgco < Ty which had
p(r) < 0 in our heuristic analysis of section A.3. We present a schematic description of
this case in the above Figure 6.2. From (6.49) we find

24 \ 7t
C A (d—1)  \& s
2a(r) _ 2 _ C C — (d=1) | 6.81
e ‘p‘% 2 (87TG7‘0 < 2 | 3’) ) (7’ 7‘1) ( )

Note that e2*(") determines the redshift factor

«m:e%mr%wﬂ“=@é@i%(wém@ow) T

We see that since r > 7, the redshift factor ¢(r) increases as we move r to larger values.

Thus ¢(r) will keep increasing monotonically until at least the location r = r,,,, where
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our near-surface approximation (6.45) to the TOV equation fails. Thus

) : (6.83)

¢(Reco) < q(Tmaz) ~ (

mp

where in the second step we have recalled (6.78). Thus we see that we do not satisfy the
high redshift condition (6.12).

The case C3 <0, 1 > Rgco:

V
O> Light cones
N

pointing inwards
\ A region with

postive mass

of O(M)

hor— QGJ\I.:

Figure 6.3: The argument for an ECO with Tgco > Ty, and an surface at Rgco where
the redshift is very high. This high redshift implies that Rgco is a very small distance
outside the horizon radius 7y corresponding to the mass inside Rgco. The region just
outside Rgco has a large positive energy density due to the thermal radiation. A thin
shell of this radiation, depicted as the outer band, has a significant amount of mass. Then
the total mass in the region inside the outer boundary 7, of this shell is such that the
corresponding horizon radius 7o gyuter is larger than 7,4 Thus we again find that such an
ECO cannot exist as a time-independent configuration.

Now consider the possibility that

Cg < 0, r1 > Rrco . (684)
We write p(r) as
d ((d—1) _ \&r
— - dt1
R < CE (689

We see that p(r) > 0. Thus this situation is similar to the case Tgco > Ty which had
p(r) > 0 in our heuristic analysis of section A.3. We present a schematic description of

this case in the above Figure 6.2.
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Note that the LHS of (6.65) is required to not vanish anywhere, but the RHS vanishes
at r = r;. We avoid an inconsistency only if r; is sufficiently large that values r ~ r; lie
outside the range where the near-surface approximation (6.45) of the TOV equation is
valid. Recall that r,,,, is the same order as the compactness scale s., and that outside
this compactness scale the standard black hole geometry is expected to be a reasonable
approximation to the geometry. Noting that the solution (6.65) is a power law in the
near-surface region, we state the requirement that r; be significantly outside the range

ro < 1 < I'mae DY Tequiring
1T — Tmax Z T"maxz — 70 - (686)

Even though we say that r; is far outside the compactness scale s., we will take ry —ry < 7o,
and will use this approximation to simplify some relations; taking a larger r; does not
change the argument that follows.

Again, using (6.49) we have

1

d (d—1) 25\ &+ n
(SWGT(J( 5d \03!> ) (ri—r)&1. (6.87)

(NI

q(r) = (_gtt(r))% = e = Cy

In the standard black hole geometry,

o(r) ~ <<d —2)(r = T0)>_é | (6.88)

The expression (6.87) holds for R < 7,4, while by condition ECO3, the expression (6.88)
holds for r 2 7,4.. Thus at r ~ 7,4, both expressions should have approximately the

same value. Thus we must have

24\ 747 1
-1 d (d—1) d-1 B Y (d—2)(Tmaz —70)\ 2
CQ (87TGTO ( 5d ’C3|> > (Tl T’max) ~ ( ro . (689)

Thus the constants Cy, C5 in the above relation satisfy

o d (d-1), T\
“ (87TG7“0< 2d |C3|) )

Then the redshift at r = Rgco is given by (using eq.(6.87))

Q

<(d - 2)(77::1% — 7“0)>é 1 - (6.90)

(Tl - /rmcw:) d—1

1

q(Reco) = < 10 m))é (Tl - RECO) o (6.91)

(d - 2>(Tmax - 1T — Thmaz
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We now wish to use the intuition that r; is ‘large’ in the sense (6.86). We have

_R max _R max max
DT TRCO _ py Dmee ZICO gy Tmar TT0 g T IO (6.92)

1 — Tmasz ™ — Tmaz 1 — "maz Tmaz — T0

where in the last step we have used the relation (11 — r42) 2 (Fmaz — 70). Then (6.91)

gives

¢(Rico) ~ ( = 2)(:;1 — m))é ~ @) - (6.93)

Since condition ECO2 requires a redshift much larger than this at the ECO surface
(eq. (6.12)), we conclude that we again do not find an acceptable solution to the approximate
TOV equation (6.60).

6.3.4 Checking the consistency of condition ECO3

The goal of condition ECO3 was to exclude situations where there is a significant amount
of matter outside the radius Rgco; having such matter would conflict with the notion
that our object is ‘extremely compact’. But we have noted that there is a certain amount
of stress energy outside Rgco that is unavoidable, since this stress-energy results from
the state of quantum fields at temperature Tgco(r) in the near-surface region. We should
therefore check that the stress-energy of this thermal gas is low enough at s 2 s. so that
we can indeed require that the geometry in this region is close to the black hole geometry.
In this section we will check that such is the case, using estimates from the analysis above.
For the ECO geometry (6.3), the metric coefficient ¢?*(") is given by (eq. A.9))

—28(r pGM(r)
e =1 - el (6.94)
with
M(r) = M — Eaq(r). (6.95)

Here E,.4(r) is the energy contributed by the radiation in the region r < r’ < 2rg, where
(as in the above sections) we have truncated our thermal gas at a scale 2ry. Following the

lines of the computation leading to (A.25) we have

Braa(r) ~ ———— - (6.96)
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In the black hole metric we have

—2Bu(r) __ MGM
e~ 28u(r) — 1 _ el (6.97)

Then we have, (still assuming r < 27r¢)

—28(n) GETa GET‘(I GEra
e g a(r) 14 M d(?“)2 ~14q M a(r)

e T T uGM T g (d—2)rg(r o)

(6.98)

Using arguments similar to the ones leading to (A.25) to estimate E,.qq(7), we find

,U/GErad (7’) N lg_l

(d—2)rd3(r — 1) o2 (r—r10) T . (699)

For the ECO geometry to approximate the black hole geometry we need that the above
quantity be < 1. This yields the requirement which is

lg_l dL—H
(r—ro) 2 | 5= ) (6.100)

ro®
From (6.71),(6.72) we see that this is just the condition s 2 s.. Thus the coefficient of g,
in the ECO geometry satisfies the constraint ECO3.
The coefficient a(r) in the ECO geometry (6.3) is given through the equation
(d—1)a/(r)e=280) (d—1)(d—2)(e”2) —1)

" = — 52 + 81Gp(r) . (6.101)

Using (A.9), this is

(d — 1)a’:r)e‘2ﬁ(r) _ d-1)(d Q—TC?)“GMOn) + 87Gp(r). (6.102)

For the black hole, we have (i) e72%n(") =1 — £G4 (i) M(r) = M, and (iii) p = 0. Then
"o

we get

/ (d — 2)FLGM
= , 6.103
aH(T) 27"d_1<1 . ;:?7]\24) ( )
which gives
M
een() = ] lﬁ—z (6.104)

From the discussion above we have seen that e=2%(") can be approximated by its black

hole value for s 2 s.. On the RHS, again using estimates for F,,q similar to the one in
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(A.25), we find that for s 2 s,

2(d—1)

M(T) Emd@”) ld—l ld—l ld—l lp aT1
1— = ~ e Y g;é_l ~ < 1. (6.105)

ro? (r—rp) 2

Thus in the first term on the RHS of (6.102) we can write M(r) ~ M. To see if
a(r) ~ ag(r), we just need to check that the last term on the RHS of (6.102) can be

ignored compared to the first term on the RHS; i.e., we need

d
p(r)r <1,

v (6.106)

But using the analysis leading to (6.71), we find that this inequality holds for s 2 s..

To summarize, the thermal energy of quantum fields in the region s 2 s. is small
enough that the geometry in this region can be approximated by the black hole geometry.
In particular, in this region the redshift in the ECO geometry is of the same order as its
value in the black hole geometry. Thus it is consistent to impose condition ECO3 in our

definition of an ECO to disallow additional sources of stress-energy outside Rgco.

6.4 Chapter Summary

In this chapter, we have argued that Extremely Compact Objects (ECOs)—compact
configurations with radii just outside the black hole horizon—must exhibit the same
thermodynamic properties as a semiclassical black hole of the same mass. Specifically, we
demonstrated that their temperature 7" must coincide with those of the corresponding
black hole.

This result is significant because semiclassical black holes, while possessing elegant
thermodynamic properties, rely on the existence of an event horizon—a feature that
ultimately leads to information loss via Hawking evaporation. In contrast, string theory
suggests that black holes are composed of fuzzballs—horizonless microstates—which resolve
the information paradox. However, this raises the question: if fuzzballs have no horizon,
is there any reason to expect them to reproduce the thermodynamics of the semiclassical
black hole?

Entropic arguments suggest that fuzzballs possess a surface located at a proper distance
s ~ l,, outside the would-be horizon. Similar conclusions apply to other compact models
such as boson stars [100], strange stars [101], Q-balls [102], and quark stars [103]. Although
these objects are typically less compact than fuzzballs, if they satisfy certain compactness
conditions, they too would fall within the ECO class and exhibit the same universal

thermodynamics (see [104] for a detailed discussion).
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Our main result is that for any ECO with a surface located at a proper distance

2
M\ @@
spco K <m> (6.107)

P
outside the horizon radius 7, the temperature Tgco must match the Hawking temperature
Th, up to exponentially small corrections in s. This conclusion follows from an analysis
of the Tolman-Oppenheimer-Volkoff (TOV) equation near the ECO surface. The near-
surface region contains a high-density thermal bath of radiation, whose energy density
and temperature are amplified by the large redshift. The presence of a negative vacuum
energy contribution—analogous to Casimir energy—is assumed to match, to leading order,
the vacuum energy of the local Rindler vacuum. We find that if the sum of radiation and
vacuum energies does not vanish, the resulting backreaction on the geometry prevents
a consistent static solution. A cancellation occurs precisely when Tgco = Ty, ensuring
equilibrium.

This result thus offers a compelling resolution: while information loss is avoided due
to the absence of a horizon in microstates (resolving the paradox), the thermodynamic
properties of black holes are still universally reproduced by horizonless ECOs.

We have not explicitly analyzed the dynamical process by which an ECO equilibrates to
Ty if initially starts out of equilibrium. However, we conjecture the following mechanism:
if Teco > Ty, the structure at r < rgco absorbs energy and expands, decreasing the
local radiation temperature until equilibrium is reached. Conversely, if Tgco < Th, the
structure contracts and transfers energy to the surrounding thermal bath, raising its
temperature toward Ty. Equilibrium is achieved when the redshifted surface temperature
matches Ty, allowing for a stable, time-independent ECO configuration.

Our analysis also opens directions for further exploration. While we defined ny =
Teco/Ty and showed that consistent static solutions require ny = 1, small deviations
AT = Tgco — Th could be nonzero yet parametrically small. It would be interesting to
quantify how such deviations scale with sgco — 0.

In this chapter, we restricted to non-rotating, uncharged ECOs. Extending this
analysis to charged and rotating black holes, particularly in the extremal limit, remains
an important open direction. We hope to address these cases in future work.

Finally, recent studies [105, 106] have proposed observational probes of near-horizon
quantum structure. These developments offer exciting prospects for linking the theoretical
structure of ECOs and fuzzballs to astrophysical data, bringing quantum gravity into

contact with experiment.
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Chapter 7

Future Outlook and Discussion

We are trying to prove ourselves wrong as quickly as

possible, because only in that way can we find progress.

— R. P. Feynman

The results presented in this thesis open several avenues for future research. From
probing the structure of black hole microstates via conformal field theory to exploring the
universal thermodynamics of horizonless objects, each chapter points to deeper questions
at the intersection of gravity, quantum theory, and high-energy phenomenology. Future
work may extend these ideas to charged and rotating microstates, incorporate higher-
derivative corrections from string theory, and explore observational signatures of quantum
structure near black hole horizons. We now reflect on the broader implications of the

results presented in this thesis and outline possible directions they suggest.

7.1 Charged ECOs

An important future direction is the extension of our universality arguments to charged
Extremely Compact Objects (ECOs). In this context, we derived a generalized compactness
scale s. which sets the upper bound for how close the ECO surface must lie relative to
the would-be horizon of a Reissner-Nordstrom-like geometry. This scale depends not only
on the mass M and Planck scale m,, but also crucially on the charge @) of the object.

Specifically, in d 4+ 1 dimensions, the scale is given by

d

Pl Q2 a2\
1 <§LM+ ﬁMQ—VG) l

» (7.1)

S = (d72)2(d+1) ILQMQ _ VCLQ
mp 4 G

and the condition for universality of thermodynamics becomes sgco < s.. This generalizes

the uncharged result and shows how charge modifies the required compactness of ECOs.
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In 3 + 1 dimensions, this condition simplifies to

3
Q2 \*
1 (MJH/M?—G)

Y 2,1
mp (MZ_%)E‘

S = L. (7.2)
This formulation raises several compelling questions. How does the inclusion of electric or
magnetic charge influence the near-surface stress-energy tensor and the vacuum polarization
effects? Can a charged ECO with sgco < s, still achieve thermodynamic universality with
a semiclassical charged black hole? Addressing these issues will be crucial in understanding
the role of charge in horizonless black hole microstructure, and we hope to pursue these

extensions in future work.

7.2 ECOs in Higher Derivative Gravity

Another intriguing avenue for future work lies in understanding how higher-derivative
corrections to Einstein gravity affect the universal thermodynamic properties of Extremely
Compact Objects (ECOs). In particular, modifications such as Gauss-Bonnet (GB) and
Einstein-dilaton-Gauss-Bonnet (EAGB) gravity provide a well-motivated framework to
study such effects, as they naturally arise in low-energy limits of string theory and effective
field theories of gravity. In these models, we find that the compactness scale s,—which
determines how close an ECQO’s surface must lie to the would-be horizon—receives
corrections that scale as a/r¢ in EGB gravity (D > 4) and as o?/r§ in EAGB gravity
(D = 4), where « is the higher-curvature coupling and 7 is the classical horizon radius.
These corrections imply that the compactness requirements for ECOs are relaxed or
tightened depending on the sign and size of the coupling, thereby modifying the conditions
under which thermodynamic universality holds. Importantly, observational bounds on
Va from gravitational wave data suggest values up to a few kilometers, indicating that
these effects could be significant for astrophysical black hole candidates. Understanding
how such corrections influence the stress-energy balance near the ECO surface, the back-
reaction problem, and the emergence of thermodynamic equilibrium—especially whether
Trco = Ty continues to hold in these modified gravity theories—constitutes a promising
direction for future exploration. These investigations would help refine our understanding
of black hole microstructure and potentially yield testable predictions linking modified

gravity theories with observational signatures in gravitational wave astronomy.
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7.3 Electromagnetic Entrapment in Different Space-

times

The strong gravitational environment near black holes profoundly alters the behavior
of electromagnetic fields. In our work [88], we showed that a neutral configuration of
charges placed in a region of high redshift—characterized by a large g;—produces an
electromagnetic field that is tightly localized and vanishes just outside the redshifted
region. This electromagnetic entrapment gives rise to smooth, horizonless geometries that
are indistinguishable from Schwarzschild black holes except in an infinitesimal region near
the would-be horizon, where the trapped electromagnetic structure becomes manifest.
To further generalize this mechanism, we wish to extend classical analyses of electro-
statics in Schwarzschild spacetimes [107-109] to arbitrary (d + 1)-dimensional spherically
symmetric backgrounds. We wish to ask if the key requirement for entrapment is tied
to specific geometry or to the presence of sufficiently high gravitational redshift. This
direction resonates with the fuzzball paradigm, which replaces the classical horizon with
rich structure supported by stringy or quantum ingredients. A more general question is
whether non-supersymmetric, classical gauge fields alone may be sufficient to generate

such structures.

7.4 The VECRO Hypothesis

A promising direction for future research lies in understanding the cosmological implications
of fuzzball-type structures through the concept of Virtual Extended Compression Resistant
Objects (VECROs) [110]. If fuzzballs represent the true microstates of black holes
in string theory, then the vacuum wavefunctional of quantum gravity should include
virtual fluctuations of these geometries—manifesting as VECROs. These objects, by
their very construction, resist compression and can stretch or deform depending on the
background spacetime curvature. This dynamical behavior modifies the local vacuum
energy, potentially influencing the large-scale dynamics of the universe. Notably, it has
been proposed that the stretching of VECROs during the radiation—matter equality era
could help resolve the Hubble tension, i.e., the discrepancy between early- and late-time
measurements of the Hubble constant [111-113]. Moreover, suitably constructed models
of VECRO-induced vacuum energy may offer insights into the cosmological constant
problem, one of the deepest puzzles in fundamental physics. Future efforts will focus
on formulating precise models of VECRO potentials, analyzing their backreaction on
cosmological evolution, and exploring their observational consequences, thereby bridging

black hole microphysics with early-universe cosmology.
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7.5 Lifting and Chaos

Another natural extension of our current work involves broadening the class of states for
which lifting is computed in the D1-D5 CFEF'T. Thus far, our analysis has primarily focused
on states where a singly wound string is excited within a system of N strings. A promising
direction is to consider excitations of multiwound strings—those with winding number
k > 1—which naturally introduce a richer set of superconformal primaries, including those
with higher angular momentum j. These more general configurations open the door to
computing lifts for a larger family of states, potentially uncovering new universal patterns
and scaling behaviors. Additionally, it would be compelling to examine whether techniques
developed in recent studies of candidate black hole microstates in supersymmetric string
theories can inform the lifting behavior in these extended settings.

A complementary and equally exciting line of investigation arises from a recent
conjecture [114] that BPS states represented by horizonless geometries may exhibit distinct
chaotic properties compared to their horizon-full counterparts. This aligns closely with our
research on fuzzball microstates and opens a novel window to test the fuzzball paradigm
through dynamical diagnostics. Specifically, studying the degree of chaos—quantified
via tools such as out-of-time-order correlators or spectral form factors—in various lifted
states could provide new evidence supporting or falsifying the conjecture. Together, these
directions promise to deepen our understanding of microstate structure, universality, and

the signatures of quantum gravity in holographic settings.

7.6 Rotating ECOs, Kerr Uniqueness and Observa-

tions

Another compelling direction for future research lies in developing a generalized back-
reaction framework for rotating Extremely Compact Objects (ECOs), building on the
techniques we have established for static, spherically symmetric geometries. Extending
our thermodynamic analysis to the rotating case could help address one of the longstand-
ing challenges in general relativity: constructing a smooth, horizonless interior solution
that matches onto the Kerr metric at large distances. If ECOs truly exhibit universal
thermodynamic behavior, then the surface gravity at their boundary must be constant,
enabling a consistent matching with Kerr geometry. This could open a novel pathway
for validating semiclassical quantum effects in rotating backgrounds and yield potential
observational signatures—such as deviations from Kerr multipole moments—that could
be probed by next-generation black hole imaging and gravitational wave interferometers.

In tandem, a second important frontier is the study of corrections to Einstein’s

equations in gravitational wave signals arising from ECO merger events. Unlike classical
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black holes, ECOs possess a finite surface located a proper distance ~ \/m from the
would-be horizon. This additional scale could leave distinct imprints on the post-merger
waveform, including late-time echoes or deviations from the expected ring-down spectrum.
A detailed analysis of such merger events could offer a robust observational test of the ECO
paradigm and provide conclusive evidence for the existence of horizonless compact objects
in the universe. Together, these two lines of research promise to further our understanding

of both the theoretical structure and empirical viability of black hole microstructure.

7.7 Closing Remarks

The investigations presented in this thesis offer a multifaceted view of black holes and
their possible replacements by horizonless, quantum-corrected structures. From the
universality of thermodynamic behavior in ECOs to the detailed lifting patterns in the
D1-D5 CFT, and from electromagnetic entrapment to potential observational probes,
each thread reinforces the possibility that spacetime near what we once called horizons is
far richer and more structured than previously imagined. Our future directions aim to
expand these insights—exploring rotation, gravitational waves, chaos, and cosmological
consequences—with the hope of grounding speculative models in testable frameworks.
At its core, this journey reflects a deeper philosophical lesson: that nature, even in
its most extreme and opaque regimes, may still obey universal principles and that by
pursuing consistency to its logical end, we uncover not only technical clarity but also
conceptual elegance. In peeling back the veil of classical horizons, we may be glimpsing a
more complete quantum architecture of spacetime—one where gravity, thermodynamics,
and quantum theory are not in tension but in resonance. In doing so, we circle back to the
theme that began this journey. By going “through the horizon and back,” we have lifted
the veil on black hole thermodynamics, revealing how unitarity, symmetry, and quantum
structure might coexist in harmony. The horizon, once seen as a limit to understanding,
now becomes a window into the deepest architecture of spacetime—an invitation to look
more closely, think more deeply, and believe that even the most enigmatic features of the

universe may yield to careful reasoning and universal principles.
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Appendix A
Gravity Appendix

Most of the material in this appendix is adapted from our papers [16,17]. Only the
sections relevant to the present discussion have been included.

A.1 Surface gravity «

Consider a particle with four velocity u* in 3 + 1 dimensions with constant r, 0, ¢. The

tangent vector of such an observer is

Azt
=5yt =(1,0,0,0) (A1)

dt

which is related to its four velocity by
ut = (=) (A.2)

Now, the energy F., of the particle per unit mass as seen from infinity by an asymptotic
observer is F, = —x,ut. If this particle is held still using a rope by the asymptotic
observer, then the force per unit mass exerted on the rope is F£ = —V*E,,. In terms of

the particles variables, we find
Fli = =V (—xau®) = =V"(=xax™)"/?. (A3)

Surface gravity « at a point P is defined as the norm of the force per unit mass exerted
on the rope extended by an asymptotic observer attached to a particle located at the

point P.

k= (FuF)Y? (A.4)
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So, for static spherically symmetric spacetimes, it becomes (see. for eg. 2.2)

K= ;GT(—gtt) : (A.5)

k also measures the in-affinity of a parameter used to measure the spacetime coordinates
of a particle. In this way, it can be defined using Killing vectors. See [24] for a detailed

analysis.

A.2 A relation following from condition ECO 1

The condition ECO 1 says that semiclassical dynamics is a good approximation at
r > Rgco. From the discussion of section6.2.2, we see that there will in general be a
nonvanishing energy density 7%, = —p in this region. We can then use the ansatz (6.4)
for the metric, and solve the equation Gy = 87GTy, with this energy density. In 3+1

dimensions we get

2G M
2 _ 1 2GM(r)

- (A.6)

For a star, we have
M(r) = /T dr 4nr?p(r) . (A.7)
0

For an ECO, the region 0 < r < Rgco can have large quantum gravitational effects,
and thus may not be well approximated as a smooth manifold. Thus we do not wish to
integrate over r in this region. But we can compute M (r) by integrating the mass density

outside the ECO, using the fact that the mass as seen from infinity is M:
M(r)=M — / dr 4mr?p(r) . (A.8)

In d + 1 dimensions, we have

_ GM(r) 16w
28(r) — 1 — K — A
€ rd_g ’ ,LL (d _ 1) Qd_l ? ( 9)
with
Aﬂn:M—/mmmAWﬁmy (A.10)
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The regularity of the ECO solution thus yields the following requirement. In the region

r > Rgco we must have everywhere

_ pGM(r)

1
rd—2

>0. (A.11)

A.3 A heuristic argument for the relation Tgco ~ Tu

It can be shown that if we are given that Tgco = Th, then the entropy and radiation
rates of the ECO will agree with the corresponding quantities for the black hole. We now
pass on to our main task: arguing that an ECO that satisfies our conditions ECO 1-ECO
3 cannot have an arbitrary temperature, but rather must have Tgco ~ Ty. It will be clear
from our discussion that the approximation in this relation will become better as we take
the distance sgpco to be smaller.

In this section, we will make our first pass at arguing for this equality of temperatures,
in the process obtaining the compactness condition (6.8). In this first pass, we will not be
completely consistent in our approximations, in the following sense. We will need to use
the energy density of the radiation near the surface of the ECO. This energy density at a
radius r depends on the value of the redshift at r. This redshift, in turn, is affected by the
energy density of the radiation itself. But in the analysis of this section, we will ignore
this feedback of the radiation on the metric, assuming instead the redshift implied by
the usual black hole metric in the region r > Rgco. In the next section, we will remedy
this inaccuracy by solving the Tolman-Oppenheimer-Volkoff equation in the region near

T = RECO-

A.3.1 The energy of radiation near the ECO

Consider the near-surface region outside Rgco, described by the condition r — Rgco < rp.
As we saw in section 6.2.2, the effective potential V., traps the radiation from the ECO in
this near-surface region, so that we have a thermal gas of quanta at some local temperature
Teco(r) which depends on r. Far from the ECO we just have outgoing radiation in low [
harmonics, so the energy density is very low. Thus we will take the thermal distribution
of the near-surface region to be truncated so that it is nonvanishing only in the the
region r < 2r¢; in fact as we will see the energy density is appreciable only very close to
r = Rpco.

This radiation in the region Rgco < r < 2r¢ has a total energy which we will call F,.q.
Note that due to the negative vacuum energy in the region outside the ECO, E,,q will be
positive if Tgco > Ty and Ep.q will be negative if Tgco < Tq.

Now consider the mass function M (r) defined in (A.10). Since the mass at infinity is
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M, we will have

M(Rico) = M — Erag . (A.12)

The quantity M (Rgco) can be thought of as the mass contained inside the ‘core’ of the
ECO - the region which contains any nontrivial quantum gravitational dynamics. Recall
that the horizon radius 7 of a black hole is related to its mass M by the relation (6.5).

Correspondingly, we define a radius 7y through
73 * = nGM(Reco) (A.13)

where the radius 7y would be the radius of a black hole with mass M (Rgco) if we had a
Schwarzschild geometry with mass M (Rgco). The equation (6.17) requires

M
| - HGM(Bico) (A.14)
Reco
so that
o < Rpco - (A.15)

Thus 7 is a radius that is inside a region that we will not directly address. Nevertheless,
the coordinate separation Rgco — 79 will play an important role in the discussion below.
We will generally find that 7y — 9 < 79 and so in many steps below we will use the

approximation
7:0 ~ Ty, <A16)

to simplify our expressions.
Consider the geometry generated by a mass M (Rgco) confined within the radius
r = Rgco, and no energy density at r > Rgco. For r > Rgco the metric for this geometry

is of the Schwarzschild form

d—2 d 2
ds? — _(1 _ (ro) >dt2 + 130d_2 +r2dQ . (A.17)

To
T

r

As noted above, in the actual ECO, there is a nonzero energy density p in the region

r > Rpco. But we will be ignoring the deformation of the metric due to this p in some of
steps below; in these steps we will refer to the metric (A.17).

With the metric (A.17), the redshift at a radius r is given by

1 1

1 7:(? r é

ar) = (~gulr)) s = (d—2)3(r —7g)F  (d—2)5(r —7p)%

Q

(A.18)

Here we have added a tilde to the variable ¢ to denote the fact that this redshift ¢
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corresponds to the redshift in the geometry with horizon radius 7.

radius r is then

p(r) = a (T = TEH) a(r)*".

The total energy of this radiation in the region Rgco < 7 < 00 is

A
Erad ~ /
r=Rgco

A

Q

@ (TS = TH) Q[

r=Rgco

The energy density at

Q

=Rgco

A 2
d+1 _ pd+1 d-1
ot -m) oo [t ()

Q

2Qq 4
a (ng(l) - g—H) ( EES]

(A.19)
dr Qy 11! p(r),
dr i1 q(r)d—&-l 7
d+1
To
"o . (A20)

d—2)% (d—1) (Reco — 7o) T

a where A = 2r is the cutoff we had chosen for our thermal bath and where we are

ignoring the energy of the outgoing modes at r 2 2ry.

We will also be interested in the energy of a thin shell outside r = Rgco. Note that

the energy density (A.19) falls off as a power of r — 7. We write

Ar = RECO - 7:0 .
and define our thin shell as
Reco < r < Rgco + Ar.

The energy of such a shell will be

Ef;lgll = (1 - d—1> Erad-
277
It will be helpful to write
Trco =nr1u.
Noting the expression (6.22) for Ty, we then get

da+1

2<d — 2)?Qd,1

@Fraq = a (it - 1) (Am) i (d—1) (

(A.21)
(A.22)
(A.23)
(A.24)

d—3

T’

R
Rgco — 7o) 2
d—3

G’ (A.25)

(Rpco —To) 2
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a where ('] is a dimensionless constant of order unity. Note that C > 0 for Tgco > Ty,
and Cl < 0 for Teco < Tg. We will have Cl =0if Teco = TH; ie., nt = 1. Our goal will
be to show that this is the only allowed value for nt for an ECO.

A.3.2 An outline of the argument

Let us first sketch the nature of the argument, before moving onto more detailed estimates.
Let the spacetime be 3+1 dimensional for simplicity. We consider the cases Trco < Th

and Tgco > Ty in turn.

The case Tgco < Ty

Let us start with a simple case, depicted in Figure6.2. Suppose Tgco = 0. Suppose
further that the ECO surface, which is at »r = Rgco, is only a planck distance outside the
horizon radius ro = 2GM; i.e., Sgco = [, which gives (Rrco — 7o) ~ lz/ro. The vacuum
energy density outside Rgco is negative and order planck scale just outside the surface
r = Rpco. We find from (A.25)

1 To
Eowr~—m——~—7 ~—M, A.26
(Reco — 7o) 2 (4.26)
where we have used the fact that in 3+1 dimensions, G = lf). Thus the vacuum energy
outside the core of the ECO is negative and of the same order as the mass M seen at
infinity.

For concreteness, let us assume that E,q = —%M . Then from (A.12), we have

M(Rpco) = M — Eppq = gM. (A.27)

Now consider the validity of the relation (6.17) at r = Rgco. Recall that Rgco ~ 2G M.

Thus we have

1—Wz1—3(}7M:—l<0. (A.28)
Rgco 2GM 2

This contradicts the requirement (6.17), which was required for regularity of the geometry.
Put another way, the vacuum energy outside the ECO contributes a negative value
—%M to the overall mass, which means the mass of the core has to be %M to yield a
total mass M at infinity. The Schwarzschild radius for this mass %M is 3GM, so that
the core of the ECO is deep inside its own horizon radius. Recall that in classical general
relativity, any particle inside a horizon must move towards smaller values of r by the
inward pointing structure of light cones inside the horizon. Noting that semiclassical

dynamics was required to hold at r > Rgco, we conclude that the particles at the surface
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r = Rgco cannot stay at a fixed radius Rgco; instead, the core of the ECO must collapse.
Thus we conclude that we cannot have such an ECO with Tico = 0.

The argument does not change in any significant way if we take some other temperature
Teco < Ty. Suppose we take Tgco = %TH. Then nt = % in (A.24), as compared to the
value nt = 0 for the case Tgco = 0. Using (A.25), we see that the energy E.q(nT = %) is
smaller than E,.q(nT = 0) by a factor

Bt =) _1-()' 15 a2
Erad(nT = O) 1 16’ ’

but this does not affect the nature of the argument we had outlined above for the case
Teco = 0.

The case Tgco > 1Ty

Now consider the case Tgco > Ty, which is depicted in Figure 6.3. Condition ECO 2
requires a high redshift at the surface Rgco, which leads to a high local temperature
for the radiation. Let us assume for our example that this temperature is planck scale.
Then the energy density at the ECO surface is also planck scale. The energy of radiation
outside Rgco iS Frag ~ M.

For concreteness, let us assume that F g = %M . Then the mass of the core of the ECO
is M(Rgco) = 2 M. Note that the horizon radius corresponding to this mass M (Rgco)
is 7o = GM. Now we observe that in order to get the required high redshift at Rgco,
the mass inside Rgco had to be compact enough to generate this high redshift. More
precisely, we need the surface Rgco to be ~ [, outside the radius 7y = GM; thus we write
Rpco ~ GM.

Now consider a shell of radiation, with width [,, just outside the ECO surface. Thus
the outer boundary of this shell r,,., is very close to Rgco, which was very close to
7o = GM. Thus ryyier ~ GM.

By (A.23), the energy of the shell is E5'5" = 1F, ;= 0.25M. Thus the total mass
inside the radius 7yuper 18 18 M (Touter) = 0.5M + 0.25M = 0.75M. Now consider the
validity of the relation (6.17) at r = Rgco. We have

2GM (T puter) 1.5GM

l1l——" 1 =—-05<0 A.30
Touter GM ’ ( )

which contradicts the requirement (6.17).

In other words, the core of the ECO had to be very compact to yield a high redshift
at Rgco. We then find that a thin shell just outside this core adds enough mass so that
the system given by core+shell is inside its own horizon radius; thus such an ECO cannot

exist.
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A.3.3 Defining a useful scale Ar,,;

Let us review the quantities which played a role in the above arguments. The difference
ro — To described the difference between the Schwarzschild radius r for the mass M of
the ECO, and the the Schwarzschild radius 7y of the core of the ECO. This difference
stems from the fact that a part F,.q of the mass M of the ECO is carried by the radiation
surrounding the core of the ECO. The energy E..q4 in turn depends on

Ar = (RECO — fo) . (Agl)

A very small value of (Rgco — 7o) gives a very large Fi,q and thus a very large ro — 7.
Conversely, a very large (Rgco — 7o) gives a very small Fy,q and thus a very small rq — 7.

Given the above, it will be useful to define a critical value Ar.;; for Rgco — 7o, such
the corresponding radiation energy E..q shifts the horizon radius by an amount which is
again rg — 7o = Arq.i. Recalling that the horizon radius satisfies 1”372
that small shifts of this radius are given by dr¢ ~ 22 Setting §M = — Faq, we find

(d—2)rd=3"
that

= nGM, we note

MGlErad| /’LG|01‘
42 ~ — 7 (A.32)
0 (Ar) S (d = 2)ry?

|70 — To| ~

where we have used the expression for Fy,q from (A.25). We define the critical separation
Arqq as the value of Ar when this shift [rg — 7| equals Ar defined in (A.31). Thus we

have

Arcrit = MG'C” d—3 ° (A33)

(Arei) T (d—2)1y°

which gives

T
ATcm't - (W) . <A34)
(d—2)r*

To get an idea of the scale Ar.,.;, we write it in terms of a proper distance s..;; using the
relation (6.6) between coordinate distance from the horizon and proper distance from the

horizon. Then we get

2
M\ @2H@m
Serit ™~ () l, ~ s, (A.35)

mp

where the compactness scale s, was defined in (6.9).
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A.3.4 The argument for Tgco < Tu

Let us assume that Tgco < Ty, so that nt < 1. As noted above, a crucial role in the

argument is played by the quantity Ar = Rgco — 7o. We will consider separately the

following two possibilities:

(a)

Ar < Arepis

Since nt < 1, we have FE,,q < 0. Further,

d-3 d-3
’C1|7"02 > ‘Cl|7‘02

’Erad’ = ~ — — - <A36)
(Ruco — 70) T (Arer) T
Since Ep,q < 0, we have 7y > rg. From (A.32) we have
_ G|FEra G|C
(TO - TO) = : |2 2|_3 5_1 | l| a3 ATCTitv <A37)
(d—=2)7g (Arei) T (d — 2) 1y
where the last relation follows from using the definition (A.33) of Arg..
Now, since Rgco > 7o, we find that
Reco —rg = (RECO — 7:0) —+ (7:0 — 7’0) > (fo — 7”0) > ATC”'t, <A38)

where in the last step we have used (A.37). Given that the separation Ar..;
corresponds to the proper distance scale s. by (A.35), we see that our ECO is not

sufficiently compact to satisfy condition ECO 1.

Ar 2 Arcrit :
In this situation the redshift at the ECO surface is, using (6.11)

d—1

1 1
T T4 ro \ ¢!
(d — 2>%<RECO - 7’0)% (Armt)% lp

This violates the condition ECO 2 (eq. (6.12)) which requires that we have a higher
redshift than (A.39) at Rgco-

Thus we find that for Tgco < Ty, we cannot get an ECO satisfying the conditions
ECO 1-ECO 3.

A.3.5 The estimate for Tgco > Tu

Now we consider the case Tgco > Ty, so that nr > 1. Again we proceed to examine the

two possibilities:
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(a) Ar < Argy -

Since nr > 1, we have E,,q > 0. Further,

O Oz
Erad = L0 T > 170 -1 - <A40)

(Reco — 7o) = (Argir) 2
Since E,,q > 0, we have rq > 7y, and

GE., Glo
(ro — 7o) = 7 —mad GG e~ AT (A.41)

(@=2r6" " (Arg) 5 (d—2)ry”

Now consider the thin shell outside r = Rgco with coordinate width Ar as defined
in (A.22). We have from (A.23)

d—3 d—3
1 Cirg® Cire?
Ef§§11=<1— d_l) U s — (A.42)
= ) (Rgco — 7o) 2 (Areir) 2
Let us define 7 oyser as the Schwarzschild radius corresponding to the mass within
radius Toyuter; i.€., we define 7 guer through the condition rgggter = uGM (T outer)-
Then we have
GEshell G C

. ra(ii—?, > 5_1| d =5 ~ ATerit (A.43)
([d=270" " (Area) T (d — 2) 7y

T0,0uter — 70 ~

where in the last step we have used (A.33). Now recall that we had chosen the
coordinate width of the shell as described in (A.22), which says

Touter — RECO = RECO — T0 - (A.44)
Thus since Ar = (Rgco — 7o) < Are, we find
Touter — RECO K AT erit - (A.45)
On the other hand, from (A.43) we have
T00uter — T0 > ATy . (A.46)
Subtracting (A.45) from (A.46) we get

(TO,outer - Touter) + (RECO - fO) > ATcm't . (A47)
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Again using (Rgco — 7o) < Arg we find
(T0.0uter — Touter) > ATepit - (A.48)
Thus we find that
Touter < T0,outer - (A.49)

This is a violation of equation (6.8), since it implies

MGM(TOU er) rd;n% er
_ o outer] ter) _ 1 _ Od_; <0. (A.50)

outer outer

1

r T

Ar 2 AT

The argument here will be the same as the one for the case Tgco < Tx. The redshift
at the ECO surface is, using (6.11)

d—1

q(Rgrco) ~ d < d ~ <TO> - (A.51)
(d—2)2(Reco — 70)2 ™ (ATenit)? Ly

This violates the condition ECO 2 (eq. (6.12)) which requires that we have a higher
redshift at RECO-

Thus we find that for Tgco > Ty, we cannot get an ECO satisfying the conditions
ECO 1-ECO 3.
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Appendix B

CFT Appendix

Most of the material in this appendix is adapted from our papers [18-20]. Only the

sections relevant to the present discussion have been included.

B.1 The N = 4 superconformal algebra

We follow the notation in the appendix A of [79]. The indices o = (4, —) and @ = (+, —)
correspond to the subgroups SU(2); and SU(2)y arising from rotations on S3. The
indices A = (+,—) and A = (+, —) correspond to the subgroups SU(2); and SU(2),

arising from rotations in 7. We use the convention

e,.=1 , e~ =-1. (B.1)

B.1.1 Commutation relations

The commutation relations for the small N' = 4 superconformal algebra are

(Lin L] = %m(mQ — 1)dmino + (M — 1) Lynsn | (B.2a)
e, 78] = 1—02m6ab5m+n,0 +ie e (B.2b)
{Gi,r’ G%,s} = €iB [60@82 (Tz - 111)51%8,0 + (UQT)j 6%8(70 - S)Jf_,_s + Ea/BLrJrs , (B.2¢)
7.65,) = 5(0) G, (B.2d)
[LWG%W} - (ZL - T) Ghmar (B.2e)
L, T3] = =0T (B.2f)

with the right-moving modes satisfying an analogous set of relations. We will not have
need for the full contracted large N = 4 superconformal algebra of the D1-D5 CFT, but
this can nonetheless be found in Appendix A of [82] or Appendix A.4 of [79] with the
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same conventions. We do, however, give our conventions for the realisation of part of this
algebra in terms of the free fermions ¢4 with modes d2#, and the free bosons 90X, ; with

modes a4, The mode expansions are given by

OX a(2) = =i 2" L, (B.3a)
P (z) = > 22 ged (B.3b)
and the brackets are
[aAA,nvaBB,m} = —néeAB €453 Ontmo » (B.4a)
{a24,doP} = —geaﬁeAB(sHs,O , (B.4b)

and likewise for the right-moving fields.

B.1.2 Relations involving the twist operator c®

In the main lifting calculation of Section 5.6, we will have need of the following relations

involving the twist operator c*® and the supersymmetry modes

GZ(S)lJ—Fo? =0 | G;'(E)lg_& —0,
o o Ly
GA,_%O_OC—i_—O y GAV_%O—OL_:O.
On top of these, we also have the relations
-0) +a _ +(0) -a ~=(0) ot _ A0 _a—
GA‘,*%O- — _GA,féo- 9 GA‘,*%O- — —GAﬁ%O' . (B6)
These can be proved by the following chain of logic
-0 _+a _ | 770) ~+0) | +a _ 7-(0)~+(0) _+a +(0) 7-(0) +a _ +(0) -a
e PN e e e P AR
(B.7)

where in the last step we use (B.6) and J, 0)5+3 — 5=6_ In all of the above, the superscript
(0) refers to the fact that these are the supersymmetry modes of the undeformed theory’s

generators.

B.1.3 Rules for Hermitian conjugation

Suppose we consider an amplitude on the cylinder, in the NS sector, with the form

A= (0|0 (7 =T,0 =0)O(r = ~T,0 = 0)[0) s . (B.8)
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Then we should have A > 0. This requirement helps determine the way Hermitian
conjugates are defined in our CFT. Note that contractions between su(2) indices are done
using antisymmetric tensors like €,4, and this fact gives rise to certain negative signs in

the definitions of Hermitian conjugates. For the supercharges, we use the following rules

(GI(T, J)>T =-G (-1,0) |, (GJ_F(T, J)>T =G (—T,0),

) ; ) . _— (B.9)
<GI(7’, 0')> =-G (—-T1,0) |, <GJ_“(7', J)> =G (-T,0),
while for the degree-2 twist operators, our conventions are
(0**(7', O'))T =0t (~1,0) (a*+(r, (7))T =o' (-71,0) . (B.10)
With these choices, we find for the Gava-Narain type operators
G =—a ), P =a. (B.11)

We also use a set of ‘notational conventions’ regarding the twist operators that drastically
help in writing out the computations. A twist operator acts on both the left and right
sectors, since it is a geometric deformation of the 2-dimensional spacetime on which the
CFT lives. Thus strictly speaking, we cannot separate an operator like 0®* into a o for the
left-mover and a ® for the right-mover. However, we would still like such a separation for
ease of writing out expressions and to then be able to combine left- and right-moving terms
consistently at the end. Attempting such a consistent separation encounters a difficulty
with the signs to be used in Hermitian conjugation. This can be seen by considering the
expression (B.8) with O = o™. Suppose we choose a Hermitian conjugation convention of
(07)T = o~. We would then find that (0| o= (T,0) 0 (=T,0)|0)ys > 0. However, since
the OPE has the form

o“(2) 0P (0) ~ — | (B.12)

we would expect xs(0| ot (T,0) 0~ (=T,0) |0)xs < 0. This contradicts the fact that (o) =
o™. It turns out that there is no consistent choice of Hermitian conjugation for a ‘left’” part
of the twist operator. For our purposes, however, we never require the use of Hermitian
conjugations of the split twist operators and so we can neglect this issue here. This leaves
us two options for conventions that yield consistent recombined formulae. We can either

use the slightly unnatural-looking conventions

(oo Y =1 , (5t57)=—1, (B.13)
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or the left /right symmetric conventions
(cto™y=1 , (gta)=1. (B.14)

We choose the latter option, however, in doing so it is also necessary to add the prescription
that when the left and right parts are brought back together, an extra minus sign should

be included per usage of one of the above inner products.

B.2 Transformation rules under spectral flow

In this appendix we derive the conditions for an operator O(wy), with J? charge m, to

transform under a spectral flow, at @ and by 7 units, as
~ —T]m
O(wo) = (e = e™) " O(uy) , (B.15)

as discussed in Section B.15. Given a particular representation of the N = 4 superconfor-
mal algebra (B.2), specified by the value of the central charge and the dimension and J?
charge of the ground state, the currents will be written in terms of a set of fundamental
fields {O@W}. In general this will be a mixture of bosons and fermions. In this paper we
have in mind the ¢ = 6 representation with ground-state dimension and charge h = m = 0,
in which case we have four free bosons 9X, ; and four free fermions ¢4 with periodicities
relevant for the NS algebra. Thus in this representation ¢ = 1,...,8. Spectral flow then
acts on these fundamental fields by changing the periodicity of the fermions in the manner
of (B.15). Since the fundamental bosons have m = 0, we can then write that collectively
for the fundamental fields

O (wy) — (ewo — ew>_nmi0(i)(wg) : (B.16)

B.2.1 Operators on the cylinder

An arbitrary field in the spectrum Oy (wp) on the cylinder will be made out of a number

of modes O,n of the fundamental fields Ocyl(wg) schematically written in the form
Oyt (w0) Z b oo ol (B.17)

for some set of coefficients Oili,...,ip(wo)' The mode expansions of the fundamental fields
can be written as

O (wo) = 3 (=) w04 (B.18)

cyl
n
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with N; being 0 or 1 if O is fermionic or bosonic respectively. In (B.18) n € Z or
n e+ % depending on the choice' of O®. We will therefore look at the effect of spectral
flow on a composite field by studying the effect on one term in (B.17), or more precisely,

on the combination of modes
ot =0t ... o) (B.19)

A given mode in B.19 can be written as a contour integral of its field around the insertion

point wy
(M) _ dw hi—n—1 N, (i)
O, = %C’wo % (w - wo) L Ocyl(w) ) (BZO)
which transforms under spectral flow (around w = —o0) by 1 units as
, , dw A
O(_z) - OZ(Z) = 7{ w . hi—n—1 :N; _—nm;w O(l) ’ B.21
n n Cug i (w wo) vc cyl(w) ( )
where (B.16) has been used with @ = —oo. This spectrally flowed mode can then be
written as
On(’b) — e—nmiwof d7w (w _ wo)hi—n—l ZNZ e—nmi(w—wo) O(l) (w)
" Cuy 2700 el

_ Nk d )
— e~ Miwo Z (=nmi) %C aw (w — wo)hri—k—n—l ;i O(Z) (w)

= K o 2 o
—nm. ),
— e > EI g0 (B.22)
& K

Considering now the spectral flow of the product of the p modes given in (B.19), each

mode transforms in the same manner leading to

( ( —nmw (_U)K k k i i
Oy = Oy =7 3 T My 0% 0% L (B23)
k1,....kp>0 1 D

where m = E?Zl m;; and K = 21521 k;. In order to write O?ii}} in terms of an operator

acting on O%;}}, we will have use for the action of J} on a mode of a fundamental field
J20D10)ns = m; OV 1|0) xs (B.24)
which can then be easily generalised to

koG i
() 0100 ns = (ma)F O1), 4 ]0) xs - (B.25)

'In the NS sector of the theory fermions are anti-periodic on the cylinder and periodic on the plane,
with the reverse being true in the R sector. This leads to fermions having half-integer modes in the NS
sector and integer modes in the R sector.
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One further generalisation of (B.25) is to the case

(D O 00 = (57) 0% -+ 0% 0} (B.26)
For p = 1 this is exactly (B.25), whereas for p = 2 we find
() 00 00 = (1) [ 12,009 ] 10)ss
= ()" (milo%lco% 1,005, ) 0)s

k
- Z kal k . O(—Z;n-‘rk’lo(—z;z-‘rk k1|O>N5 : (B27)

k1=0

By analogy with the multinomial theorem one finds the general p case to be

k1yeers kp>0 j= 1
where the primed sum is defined as the sum over non-negative ki, ..., k, subject to the

constraint ki + - - - + k, = k. We then immediately find that

—n)*

I
M8

e O&}} 10) ns

(J3)" Oﬁf}\om

£
I
o

k!
)" mi? 0% 10 B.29
k" Z H —nj+kj| >NS . ( . )

E1yekp>0 j= 1k

I
Mg

B
Il
o

By considering a p-dimensional lattice of points describing the possible values of the
k;, the primed sum is over a (p — 1)-dimensional sub-lattice defined by the constraint
equation >, k; = k for some fixed k. The (p — 1)-dimensional sub-lattices for different
values of k& have vanishing overlap and so the union of these sub-lattices is equivalent to

the p-dimensional lattice. We can thus make the replacement

> Y — Z , (B.30)

k>0 ki,....kep>0 K1y,

n (B.29). By comparison with the first line of (B.23) we therefore find
OLL10)xs = OF10) s = 7m0 0L 0) s (B.31)
and so the field (B.17) on the cylinder transforms as

Oyt (wg) — e~ W01 O (wp) (B.32)
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Therefore, if the field on the cylinder is to transform in the manner of (B.15) for all n

(with @ = —o0) it is sufficient that it satisfies the condition

I Oegi(wp) =0 . (B.33)

B.2.2 Operators on the plane

In the lifting calculation of Section 5.3.4, we also require the analogous condition to (B.33)
for the plane. This is because once the component amplitudes in (5.35) are mapped to the
covering space (the t-plane) we are left with amplitudes of the form (OS~S*0O) with S*
being spin fields. These spin field insertions can then be resolved by appropriate spectral
flows around each of them. Knowledge of the transformation of the operators O under
spectral flow is then necessary.

Instead of finding the most general condition for a field in the spectrum to transform
with a simple phase factor, we focus on the two special cases required in the main body
of this paper. Those cases are when O is either a superconformal primary ¢ or is of the

form GT ,¢. We proceed in the following steps, firstly for O = ¢:
’ 2

1) The correlator on the ¢-plane (¢(00)S™(t2)S™*(t1)¢(—a)) is mapped to the t’-plane,
(1)

where the two are related by

_t—t !ty —ty (' —1)

i At (E—t)2  t—ty (B.34)
This gives the correlator f1{¢p(1)S™(00)ST(0)o(T)).
(2) The t’-plane is mapped to the w’-cylinder, with
th=e"" | (B.35)

giving the correlator f1f2(¢(0)S™(00)S™(—o00)p(logT)).

(3) Due to the insertions of the spin fields on the cylinder being at w' = o0, they
are equivalent to the whole cylinder being in the Ramond sector. Now on the

w’-cylinder we spectral flow by n = —1 at w = —oo. This gives the correlator

f1fafs(6(0)¢(log T')).

(4) We now map back to the t'-plane yielding fi fof3fs(d(1)p(T)).
(5) And then to the original t-plane giving the correlator fi fafsfafs{p(c0)p(—a)).

(6) This final correlator can then be compared with the ‘naive’ plane spectral flow

transformation of the t-plane correlator. For a spectral flow around ¢ = £ by 7 units,
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this would be
O(ty) — (to — f)*"mO(tg) , (B.36)

by analogy with (B.15). For this ¢-plane correlator, we would need a spectral flow by

n = —1 around ¢t = ¢; under which, using (B.36), the operators transform as
ST(t) = 1, (B.37a)
Si(tg) — (t2 — tl)il/Qsi(tg) , (B37b)
b(~a) = (—a— )" () | (B.370)
o(o0) = tlim 2 p(t) — tlim 2t — )" p(t) . (B.37d)

This is then followed by a spectral flow by n = 41 around ¢ = ¢ under which

S~(ta) = 1, (B.38a)
¢(—a) = (—a—tz) " d(—a) , (B.38b)
o(t) = (t —t2) " o(1) , (B.38c)

giving, in total

(6(00)S™ (12)S* (11)d(~a)) — lim (1 — )72 ¢ (—a—t)"(

We proceed through steps (1) to (5) above and compare the result with (B.39) in step (6).
We require the result that a conformal primary of dimension A transforms under the map

z — Z' homogeneously as

O(z) = O(¢) = (‘fij)_hO(z) : (B.40)

and that a spin field transforms like a dimension h = i primary. For ease of notation we
define O(2') = O(#'). Therefore, one finds that from the map to the #-plane in step (1)
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we have the transformations

(ty —t)"

¢(t = c0) = lim t** i) ot =1)=(t —ta)"0(t' = 1), (B.41a)
St = —a) = (g:z))% ot =T) (B.41b)

S™(ts) = lim <M>4S‘(t’) = lim ()2 (ty — ;)3 (=1)1S ()

t’'—o0 tl — t2

§*(h) = Jim (<?_‘f§2)4s+<tf =0)=(f— 1) I(-1) IS =0),  (BALd)

_ a+t . .
where T' = ar- In total this step gives the factor

(tQ _ t1)2h—%

= B.42
h (a + ty)2" (B42)
In step (2), the map to the w’-cylinder we have the transformations
o(t'=1) = p(w' =0) , (B.43a)
opt' =T)=T"¢(w =1logT) , (B.43Db)
1 1
— T Nt on=—La—r . n _ 1 w\d o—/ N q: w1 go—/ 1
S7(f' =00) = lim_(#)%(#)715™ (u) —wlllinoo<e )'S(w) —wlllinoo(e ) ST (w = o0
(B.43c)
_1
STt =0)= lim (¢)"1ST(v') = lim (ew,) 'ST(w') = lim (e“’)45+(w' = —00)
t'—o0 w' ——00 W — 00
(B.43d)
So we have the overall factor from step (2) as
fo=T7". (B.44)
We now spectral flow on the cylinder by n = —1 around w’ = —o0, removing the spin
fields and giving the transformations (using (B.15))
d(w' =0) = p(w' =0) , (B.45a)
p(w' =logT) — ™ p(w' =logT) = T"¢(w' =logT) . (B.45Db)

These transformations are justified because Ji¢ = 0 on the cylinder for a superconformal

primary. Therefore we have the step (3) factor

fs=T". (B.46)
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Mapping back to the t’-plane we get

o(w' =0) = lim (t)"o(t') = o(t' =1) , (B.47a)
p(w' =logT) =T"o(t' =T) , (B.47Db)

and so the step (1) factor
fo=T". (B.43)

Finally mapping to the ¢t-plane gives us

o = 1) = lim (H) B() = lim (11 — 1) (1) = (1 — t2) 9(t = o0) .
(B.49a)
ot =T) = (W)hw =—a), (B.49D)

giving the step (5) factor

fs = <_a — t2>2h . (B.50)

t1 — 1o

Multiplying the factors from each step, we have

2h m
—a—t1 t
T—hTmTh <tat2> — Tm(tz—tl)_% = <ai 1> (t2_t1)_%'
1 — 02

(t2 o t1>2h_%
(a+ty)h

fifafsfafs =

Thus we see that this is precisely equal to the ‘naive’ t-plane spectral flow of the correlator
from step (6) above. This then concludes that: a superconformal primary transforms

under spectral flow on the plane by the simple phase relation B.36.

In our paper we also need the transformation rule for G* ;¢ which is not a super-
conformal primary but does satisfy J?GT ¢ = 0 on the cyiirfder. So we can again use
its cylinder transformation under spectrai éow to derive its plane transformation. It is
first important to start on the w-cylinder and map to the z-plane via w — z(w) = e* and
then from the z-plane to the t-plane in order to check that the initial and final states

on the w-cylinder yield two insertions of GT ;¢ on the covering space. Under the map
’ 2
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w — z, using (B.40) we have

dw dz 1
+ _ _ . Rl R _ 5 h T e

(6% 0)w=—o0) = Jim_§ I Grpow) =" f 2ot )

= lim 23 (GF10)(2=0)
(B.52)

- _ g w2t [ dw o sk dE 1

(G+7%¢) (w=o00) = lim (e ) o GI(0)p(w) = lim 2 i G (2)p(z)

= lim 2*3(G7 1) (2 = c0)
(B.53)

Thus when mapping the correlator from the w-cylinder to the z-plane the zero and
diverging factors above cancel and the G modes remain the same. Then under the map

z — t(z), where

(t+a)t+b)  de  (t—t)(t—t)

2(t) =

with ¢; = —vab and t, = v/ab, we have firstly (the fields are taken to be on the first sheet,

z =0 and z = oo respectively)

X o (dt\" p oat 72 .
(GF 1) (z=0") = lim <d2> ;227” ((f—tl)(f—t2)> GT(D)p(t)
. a® dt t - e
= ST o 3 g L+ O = 0] G0t
43
= s ()= (B.55)

and secondly

(@749)( = o) = i ()" (), 2 (48 @2 hoto

S e et

=

=0 t](t = 0)(t — t2)]" Jou 2mi )(E = t2)
= lim 2ht1 3 2d7'fl t?t—ab [1 +O(t —t)|GT(})op(t)
- (G;%fp) (t = o) . (B.56)

So on the t-plane we still have only the one G mode around each ¢. This is clearly a
special case due to ¢ being a superconformal primary. Now we can repeat the steps (1)
to (6) of the argument above with G¢ instead of ¢. From the case done in detail above,

we see that all of the Jacobians picked up by the two ¢ cancel. The same will hold for
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G¢ since it is also a conformal primary and will have just a shifted Jacobian (B.40) with
h — h+ % The Jacobians and spectral flow transformations of the spin fields will be the
same as before, leaving us just to calculate the spectral flow transformations of the G¢ on
the w’-cylinder.

Since J3 G:ilqﬁ = 0 we can again use the simple transformation on the cylinder under

2
spectral flow, giving for step (3)

(ij%qs)(w’ —0) — (G:féqﬁ)(w' —0), (B.57)
(GF _10)(w =logT) = ™ =T(GF  ¢)(w' =1ogT) =T"*3(GF _,¢)(w' =1logT) .
(B.58)

Putting all of the factors together gives the ¢-plane correlator

((G710)(00)S™(82)SH (1) (GF _18)(=a)) = T™2(ts — 1) 72((G 10) (00) (GF _10)(~a))

CL+t2

m+% L
(45 e ni(e ) ea(er o))

which is again exactly the ‘naive’ spectral flow on the plane given by (B.39) with m — m+3.
This then concludes that: for a superconformal primary ¢, the field GT ;¢ also transforms
)

under spectral flow on the plane by the simple phase relation (B.36).

B.3 Choice of the deformation operator

Before proceeding to calculating lifts for specific states, let us review our choice of the
deformation operator. As seen in Section 4.2, the deformation of the CEF'T off the orbifold
point is given by adding a deformation operator D to the Lagrangian where D has
conformal dimensions (h,h) = (1,1) in order to be marginal. There are 20 exactly
marginal operators of the theory to choose from; 16 of these correspond to T* shape
and complex structure moduli, while the remaining 4 are superdescendants of the twist-2
chiral /anti-chiral primaries ®® of the orbifold theory. The former set of moduli are in
a sense ‘trivial deformations’, whereas the latter four are ‘non-trivial’— they break the
higher-spin symmetry found at the orbifold point and move the theory towards the region
with a semi-classical gravity description. A choice of D that is a singlet under all of the

SU(2) symmetries at the orbifold point is

1 i _
D= ZEABE(XﬂE&B Gjﬁ%G(éﬁéaﬂﬁ : (B.60)
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Here G and G are respectively the left- and right-moving supercharge modes at the orbifold
point, i.e. at X = 0. This choice of deformation operator is the projection onto the singlet
representation of SU(2); the remaining three non-trivial deformation operators form
the triplet projection. The SO(4);-invariant operator (B.60) corresponds to turning on
the dual string tension. The operator ¢*® is made by adding R-charge to the bare twist
operator oy to form a chiral/anti-chiral primary. In the particular case of k = 2, this is

done using only spin fields [81] to give
o™ = S3S%, . (B.61)

These spin fields change the fermion boundary conditions around their insertion points.”

B.4 Choice of ground states

Consider the Ramond sector of the theory. On a k-twisted component string, the ground
state is degenerate in both the left and right sectors. There are 4 Ramond ground states

for the left sector per value of k, which we denote as

[k k k —[k _\ [k k k _\ |k ~\ [k —[k _\ |k
)8 o0 = af a0y E o)k =l Moy E L 00 = a Mo
(B.62)

where the d24 are the Ramond-sector modes of the canonical free fermions of the orbifold
CFT. Our conventions for the anti-commutator for these fermion modes is given in (B.4b).
A similar set of 4 Ramond ground states exist for the right sector. The superscript [k]
denotes that these states are in the k-twisted sector of the theory. Thus for any component
string (i.e. for each twisted sector), there are 16 Ramond-Ramond ground states. We
will label these ground states as |L, R)%] where L = 0~,0%,0,0 and R = 0~,0%,0,0. The

£

24
Section B.2, they are related by a spectral flow of n = 41 to chiral primaries in the NS

Ramond-Ramond ground state dimensions are h = h = < and with the conventions of
sector. The Ramond ground state |0*>[1§ is then the spectral flow of the NS vacuum |0)ys,
having h = m = 0. While we use only the first of the Ramond ground states given in
(B.62) for the particular lifting computation described in this thesis, we hope to return to

the more general problem for arbitrary ground states in future work (see Section 7).

2The operator oy twists together two copies, i and j, of the ¢ = 6 seed CFT, which in an Sy-invariant
form is written as oy = S 1j=1 a(ij) -
j<i
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B.5 Mapping amplitude relations to lift relations

In Section 5.7 we found interesting relations between amplitudes of certain states and
those of their descendants (see (5.136) and (5.144)). Here we describe how to map
those amplitude relations to relations between the lifts of states. Consider the following
simplified form of the definition of lift given in (5.29)

E®(p) =k Al) (B.63)

(oll¢)

where k is a constant and A(¢) is an amplitude related to (5.30) with initial and final

states being ¢. Taking, for instance, the amplitude relation

A(¢) = 2hyp A(Y) (B.64)

obtained in Section 5.7.1 by considering the states [¢)) and |¢) = L_; |¢) and using (B.63)
we find that at the level of lifts

E@ () . (B.65)

Since the norm of the descendant state is given by

(019) = (WILiL ) = 20| Loltb) = 2hy(Y19)) (B.66)

we can simplify (B.65) to give the lifting relation
E®(¢) = E®(v) (B.67)

i.e. that the lift of a state satisfying Lq]1)) = 0 is equal to the lift of its L_; descendant.

Equally one can start with the amplitude relation

A (0) = KRAW) (B.68)

with K?;O;i defined in (5.145) obtained by considering the states |¢ ) and \5)3 = GG L),
T3
This can be recast in terms of lifts using (B.63) and imposing that the index § is opposite

to a and B opposite to A, giving
BO(33) = K “ﬁ'@f;a E(J) . (B.69)

where there is no implied summation over the repeated indices o and A and K¢ is defined

as K gi‘ with the above conditions imposed on 3 and B. Since the norm of the descendant
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state is given by (there no sum over repeated indices)
$0016)5 = (01(G54)'G5 s 10) = KD 1) | (B.70)
we can simplify (B.69) to give the lifting relation
E®(6%) = EP (), (B.71)

i.e. that the lift of a state satisfying (Gj B >T|QZ> = 0 is equal to the lift of its G

1 _1
2 T2

descendant.
Given a chosen basis of states for which the lift is being computed, i.e. the set used in

this paper
{|aa>BBAA(m,n) - Jadyho |dd>ff3aA} , (B.72)

the descendant states |¢) and |¢ )4 can generally be written as a sum of basis states. The
lift of the descendant state (the left-hand side of the relations (B.67) and (B.71)) can not
then be immediately written in terms of the lifts of basis states from (B.72), which are
the data points computed in Section 5.6.

In the case that the descendant state is a sum of two basis states, i.e. if we have

|9) = [¢1) + |d2) (B.73)

where |¢p1) and |p9) are states in the set (B.72), then we have

E®(¢) = E®(¢1 + ¢2)
. A1+ ¢2)
(¢1 + D2|1 + @)
— A(p1) + Apa) + 2A(¢1; ¢2)
(P1]d1) + (Pa|d2) + 2(d1]P2)

{0110 ED(¢1) + (d2]d2) EC) (d2) + 2\/<¢1|¢1><¢2|¢2> E®(¢y; ¢) (B.74)
a (P1]¢1) + (Pa|d2) + 2(¢1]2) . '

Here A(¢y; ¢;) is a generalization of the integrated amplitude A(¢) used in lifting compu-
tations where the initial and final states are not necessarily equal, with A(¢;; ¢;) = A(p;)
and E®(¢;; ¢;) is the associated lift-like quantity defined analogously to (B.63) as

K A(¢f% bi) '
Viesl o) (il 160)

E® (¢ ¢;)

(B.75)

Thus in the case that the descendant state splits as (B.73) then (3.74) can be used as the
left-hand side of the relations (B.67) and (B.71). This argument can easily be generalized
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to the case of |¢) = S, |¢x) with the states |¢y) being in the set (B.72).
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